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Abstract. We give a brief overview of the theory of complex dimensions of 
real (archimedean) fractal strings via an illustrative example, the ordinary 
Cantor string, and a detailed survey of the theory of p-adic (nonarchimedean) 
fractal strings and their complex dimensions. Moreover, we present an explicit 
volume formula for the tubular neighborhood of a p-adic fractal string C p , 
expressed in terms of the underlying complex dimensions. Special attention 
will be focused on p-adic self-similar strings, in which the nonarchimedean 
theory takes a more natural form than its archimedean counterpart. In con- 
trast with the archimedean setting, all p-adic self-similar strings are lattice 
and hence, their complex dimensions (as well as their zeros) are periodically 
distributed along finitely many vertical lines. The general theory is illustrated 
by some simple examples, the nonarchimedean Cantor, Euler, and Fibonacci 
strings. Throughout this comparative survey of the archimedean and nonar- 
chimedean theories of fractal (and possibly, self-similar) strings, we discuss 
analogies and differences between the real and p-adic situations. We close this 
paper by proposing several directions for future research, including seemingly 
new and challenging problems in p-adic (or rather, nonarchimedean) harmonic 
and functional analysis, as well as spectral theory. 
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Nature is an infinite sphere of which the center is everywhere 
and the circumference nowhere. Blaise Pascal 

1. Introduction 

In this survey, we present aspects of a geometric theory of p-adic (or nonar- 
chimedean) fractal strings, that is, bounded open subsets of the p-adic line Q p 
having a fractal subset of Q p for "boundary". This theory, developed by Michel 
Lapidus and LQ Hung in [57J [35] , as well as by those same authors and Machiel van 
Frankenhuijsen in [29], extends in a natural way the theory of real (or archimedean) 
fractal strings and their complex dimensions developed in [35J E2] j and building on 
[2~4l [301 135] , for example. Following [271 HH H3 > we introduce suitable geometric 
zeta functions, the poles of which play the role for p-adic fractal strings of the com- 
plex dimensions for the standard real fractal strings. Furthermore, we discuss the 
analogies and the differences between the real and p-adic fractal strings. 

More specifically, we recall the definition of p-adic self-similar strings introduced 
in [28]; furthermore, we show (as in [28]) that all p-adic self-similar strings are 
lattice (in a strong sense) and deduce from this fact the simple periodic structure 
of their complex dimensions. We also discuss the explicit fractal tube formulas 
obtained in [29], both in the general case of (languid) p-adic fractal strings and 
that of p-adic self-similar strings. Throughout this paper, these various results are 
illustrated in the case of suitable nonarchimedean analogs of the Cantor and the 
Fibonacci strings (which are both self-similar) , as well as in the case of a new (and 
non self-similar) p-adic fractal string, namely, the p-adic Euler string introduced 
in [29] . Some particular attention is devoted to the nonarchimedean (or 3-adic) 
Cantor string (introduced and studied in [27]), an appropriate counterpart of the 
archimedean Cantor string, whose 'metric' boundary is the nonarchimedean (or 
3-adic) Cantor set ([27]), a suitable p-adic analog of the classic ternary Cantor set. 

We note that p-adic (or nonarchimedean) analysis has been used in various 
areas of mathematics (such as representation theory, number theory and arithmetic 
geometry), as well as (more speculatively) of mathematical and theoretical physics 
(such as quantum mechanics, relativity theory, quantum field theory, statistical 
and condensed matter physics, string theory and cosmology); see, e.g., [5j El EH 
I46[ 15 1 j and the relevant references therein. In particular, it is believed by some 
authors that p-adic numbers (or, more generally, nonarchimedean fields) can be 
used to describe the geometry of spacetime at very high energies and hence, very 
small scales (i.e., below the Planck or the string scale); see, e.g., [52]. Furthermore, 
several physicists and mathematical physicists have suggested that the small scale 
structure of spacetime may be fractal; see, e.g., [T3 1 LT7 1 l25l l42l [53] . 

On the other hand, in the recent book [55], it has been suggested that fractal 
strings and their quantization, fractal membranes, may be related to aspects of 
string theory and that p-adic (and possibly, adelic) analogs of these notions would 
be useful in this context in order to better understand the underlying (noncommu- 
tative) spacetimes and their moduli spaces ([25l EI]). The theory of p-adic fractal 
strings, once suitably 'quantized', may be helpful in further developing some of 
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these ideas and eventually providing a framework for unifying the real and p-adic 
fractal strings and membranes. 

The rest of this paper is organized as follows: 

In <j2l we give a brief survey of the main pertinent properties of the Cantor string 
and set, both in the real (or archimedean) and the 3-adic (or nonarchimedean) 
situations. This will serve, in particular, as a pedagogical introduction to the 
general theory of real and p-adic fractal (and possibly self-similar) strings. 

In 521 we recall the definition of an arbitrary p-adic fractal string, along with 
some of the key pertaining notions (geometric zeta function and complex dimen- 
sions, as well as Minkowski dimension and content). We also discuss the more 
technical question of how to suitably define and calculate the volume (i.e., p-adic 
Haar measure) of the 'inner' £-neighborhood (or inner tube) of a p-adic fractal string 
( §3.2| F1 In §3.3[ we then use these results to express this volume as an infinite sum 
over the underlying complex dimensions, thereby obtaining a nonarchimedean ana- 
log of the 'fractal tube formula' of [38l [39] . We illustrate this formula in £13.51 by 
providing (as well as deriving via a direct computation) the fractal tube formula 
for the p-adic Euler string, the definition of which is given in £13.11 

In <jH we focus on the important special class of p-adic self-similar strings, 
of which the 3-adic Cantor string and the 2-adic Fibonacci string are among the 
simplest examples. After having explained their construction in £|4.1l via an iterated 
function (or self-similar) system, we provide (in ^4.21 14.4[) a detailed study of their 
geometric zeta functions and complex dimensions. It turns out that due to the 
discreteness of the valuation group of Q p , all p-adic self-similar strings are 'strongly 
lattice' ( §4.3p . from which it follows that their complex dimensions (along with the 
zeros of their geometric zeta functions) are periodically distributed along finitely 
many vertical lines f £|4.4[) R It follows that (under mild assumptions) the fractal 
tube formula of a p-adic self-similar string involves finitely many (multiplicative) 
periodic functions, one for each 'line' of complex dimensions. We describe such 
explicit tube formulas in some detail in £14.51 and also obtain in £14.61 an explicit 
expression for the average Minkowski content of a p-adic self-similar string (and 
the associated nonarchimedean self-similar set). 

Throughout this expository paper and comparative survey, we illustrate some 
of the main results by discussing the examples of the nonarchimedean Cantor, Euler 
and Fibonacci strings. Moreover, we point out the main analogies and differences 
between the archimedean and nonarchimedean theories of fractal strings. 

Finally, in £J5J we conclude this paper by proposing several possible research 
directions for future work in this new field. This includes, in particular, a possible 
extension of the nonarchimedean theory of fractal strings and their tube formulas 
to Berkovich spaces, along with seemingly new and quite challenging problems in 
nonarchimedean spectral, harmonic and functional analysis. 



^Most of the proofs given in this paper will be concentrated in £|3,2l because they truly depend 
on the nonarchimedean (specifically, p-adic) nature of the underlying geometry. 

2 This is not necessarily the case for a general 'lattice' archimedean self-similar string. More- 
over, a generic archimedean self-similar string is 'nonlattice'. It follows that the theory of p-adic 
self-similar fractal strings is more natural as well as simpler than its archimedean counterpart. 
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2. Archimedean vs. Nonarchimedean Cantor Set and String 

In this section, we briefly recall, for a simple but important example, some of 
the main notions pertaining to the theory of real and p-adic fractal strings. Namely, 
the geometric zeta function, the complex dimensions, and the 'fractal tube formula' 
that expresses the volume of the inner e-neigborhoods of a suitable boundary of the 
string as a 'fractal power series' with exponents involving the underlying complex 
dimensions. 

In the archimedean case, the classic example is the real Cantor string ( $2.2\i , 
whose boundary (or associated self-similar set) is the ternary Cantor set ( ij2.ll) ; cf. 
[391 Ch. 1]. The nonarchimedean counterpart of the real Cantor set or string is 
the 3-adic Cantor set or string, discussed in §2.31 or §2.4[ respectively (and both 
introduced in |27|). In particular, the 3-adic Cantor set is the nonarchimedean self- 
similar set naturally associated with the 3-adic Cantor string (which is a special 
case of p-adic self-similar string, in the sense of and below). 

Finally, a comparative study of the archimedean and nonarchimedean Cantor 
strings and their respective fractal tube formulas is provided in £12.51 It will help 
us preview some of the main analogies and differences between the real and p- 
adic theory of fractal (and possibly, self-similar) strings, as further discussed and 
developed in $3] and 

2.1. Archimedean (or Ternary) Cantor Set. The classical archimedean 
(or ternary) Cantor set, denoted by C, is the set that remains after iteratively 
removing the open middle third subinterval(s) from the closed unit interval Co = 
[0,1]. The construction is illustrated in Figure 1. There, for each n > 0, C n is 
the compact set defined as the union of 2™ compact intervals of length 3~™ and 
endpoints the ternary points of 'scale' n (i.e., of the form ^ k yJ , with k S N and 
j = 1, 2). Hence, the archimedean Cantor set C is equal to H^Lo 

Co 

Ci 

C 2 

C n '. '. '. 

FIGURE 1. Construction of the archimedean Cantor set C = H^Lo ^n- 

For comparison with our results in the nonarchimedean case, we state the 
following well-known results (see, e.g., [T^l Ch. 9] and (TSJ p. 50]): 

Theorem 2.1. The archimedean Cantor set C is self-similar. More specifically, it 
is the unique nonempty, compact invariant set in [0, 1] ci generated by the iterated 
function system (IFS) 4? = , < 3 ) 2} of affine similarity contraction mappings of 
[0, 1] into itself, where 

$^2;) = - and § 2 (x) = — + -■ 
iK j 3 2W 3 3 
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Figure 2. The archimedean Cantor string CS (above); the Cantor 
string viewed as a fractal harp (below). 

That is, 

C = $i(C)U$ 2 (C). 

Theorem 2.2. The archimedean Cantor set is characterized by the ternary expan- 
sion of its elements as 

C = {r€ [0,1] : r = a Q + a^ 1 + a 2 3~ 2 + • • • , a,j G {0, 2}, Vj > 0} . 

We note that, as usual, we choose the nonrepeating ternary expansion here (so 
that none of the coefficient aj is equal to 1, and hence, the sequence of digits does 
not end with 1, where the overbar indicates that 1 is repeated ad infinitum). Such 
a precaution will not be needed in ^2.31 for the elements of Q3 because the 3-adic 
expansion is unique. 

2.2. Archimedean (or Real) Cantor String. The ordinary archimedean 
(or real) Cantor string CS is defined as the complement of the ternary Cantor 
set in the closed unit interval [0,1]. By construction, the topological boundary 
of CS is the ternary Cantor set C. The Cantor string is one of the simplest and 
most important examples in the research monographs |381 I39| by Lapidus and 
van Frankenhuijsen. Indeed, it is used throughout those books to illustrate and 
motivate the general theory; see also, e.g., [23] and [35]. From the point of view 
of the theory of fractal strings and their complex dimensions [38] [39] , it suffices to 
consider the sequence {^ n }neN* of lengths associated to C6>Q More specifically, these 
are the distinct lengths of the intervals of which the bounded open set CS C R is 
composed, counted according to their multiplicities Accordingly, the archimedean 
Cantor string consists of mi = 1 interval of length l\ — 1/3, m 2 = 2 intervals of 
length I2 = 1/9, 7713 = 4 intervals of length £3 = 1/27, and so on; see Figure 2. 



4 Here and thereafter, we let N := {0, 1,2,.. .} and N* := {1, 2, 3, . . .}. 

^For an arbitrary real or p-adic fractal string, there are two equivalent ways of keeping 
track of its associated lengths. Either by considering its distinct lengths, counted according to 
their multiplicities, as above, or else by considering the sequence of all of its lengths, written in 
nonincreasing order (and hence, tending to zero, except in the trivial case when the fractal string 
is composed of finitely many intervals). 
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Important information about the geometry of CS, e.g., the Minkowski dimen- 
sion and the Minkowski measurability, is contained in its geometric zeta function 

(2.1) Ccs(s):= £ mn .^ = £__ = ___ { rM(s)>D, 

n— 1 n— 1 

where I? = log 2/ log 3 = log 3 2 is the Minkowski dimension of the ternary Cantor 
set|H In addition, (es can be extended to a meromorphic function on the entire 
complex plane C, as given by the last expression in (|2.1I) . The corresponding set of 
poles of £cs is then given by 

(2.2) V cs = {D + ivp I v G Z}, 

where i := \J — 1 and p := 27r/ log 3 is the oscillatory period of C<S. The set 2?cs is 
called the set of complex dimensions of the real Cantor string; see Figure 5 in §2.41 
For e > 0, let Vcs(e) be the volume of the inner tubular neighborhood of the 
boundary of the real Cantor string, i.e., d(CS) — C, with radius e: 

(2.3) V cs (s) = hl({x e CS | d(x,C) < e}), 

where [ij, is the one-dimensional Lebesgue measure on R. Then it can be computed 
directly (as in [5^1 §1-12]) to depend only on the lengths of CS and to be given by 

( 2 - 4 ) V cs (e) = -^— J2 ^1T~~~\ " 2e ' 

21 °s 3 ^ C5 w ( 1 - w ) 



where T>cs is as in (|2.2j) . 

The general theme of the monographs |38[ I39| is that the complex dimensions 
describe oscillations in the geometry and the spectrum of a fractal string. In par- 
ticular, due to the presence of nonreal complex dimensions on the vertical line 
5R(s) = D, there are oscillations of order D in the geometry of CS and therefore 
its boundary, the ternary Cantor set, is not Minkowski measurable; see [35], [39l 
§1.1.2]. 

2.3. Nonarchimedean (or 3-Adic) Cantor Set. Our goal in this section is 
to provide a natural nonarchimedean (or p-adic) analog of the classic ternary Can- 
tor set C and to show that it satisfies a counterpart of many of the key properties 
of C in this nonarchimedean context. Furthermore, we will show in £12.41 that the 
corresponding p-adic fractal string, called the nonarchimedean (or 3-adic) Cantor 
string and denoted by CS3 , is an exact analog of the ordinary archimedean Cantor 
string CS, a central example in the theory of real fractal strings and their com- 
plex dimensions |38[ 139] . The nonarchimedean Cantor set and string were both 
introduced and studied in detail in [27] , 

We begin by recalling a few simple facts concerning the field of p-adic numbers 
Q p , equipped with the standard p-adic absolute value | • \ p and associated topology; 
see, e.g., [21] |48] 09] As is well known, every zeQ p has a unique representation 
as a convergent infinite series in (Q p , | • | p ): 

z = a v p v + ■ ■ ■ + a + aip + a 2 p 2 + • • • , 



^Throughout this paper, logf denotes the natural logarithm of t > 0. 

^Here and thereafter, | ■ \ p is normalized in the usual way; namely, \p k \ p = p~~ k , for any k £ '. 
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for some v € Z and a,j G {0,1, . . . ,p — 1} for all j > v. An important subset of 
Q p is the unit ball, Z p = {x E Q p : \x\ p < 1}, which can also be represented as 
follows: 

Z p = {a Q + a lP + a 2 p 2 + ■■■ \ a, € {0, 1, . . . ,p - 1}, Vj > 0}. 

Using this p-adic expansion, we can easily see that 

p-i 

(2.5) Z p = \J(c + pZ p ), 

c=0 

where c + pZ p = {y e Q p : |y — c| p < p" 1 } is the p-adic ball (or interval) of center 
c and radius p~ x . 

A remarkable property of the nonarchimedean 'unit interval' Z p of Q p , which 
does not have any analog for the archimedean unit interval [0, 1] of M, is that Z p 
is a ring, and in particular, is stable under addition; see, e.g., [TB] for a thorough 
discussion of this point. Indeed, |a+£>| p < max{|a| p , |6| p } < 1, if a, b £ Z p . Moreover, 
Z p is a compact group and as such, admits a unique translation invariant measure, 
to be also denoted by pn , which is the restriction to Z p of Haar measure /in on Q p . 
Finally, note that unlike its real counterpart [0, 1] (or [—1, 1]), Z p is not connected; 
actually, it is totally disconnected. This well known fact, combined with the 'self- 
duplicating property' (|2.5I) , will naturally lead us to suitably modify many of the 
definitions and results of the standard theory of ordinary real fractal strings. 




T 2 + 9Z 3 3 + 9Z 3 6 + 9Z 3 2 + 9Z 3 5 + 9Z 3 8 + 9Z 3 

T n : : : : 

Figure 3. Construction of the nonarchimedean Cantor set C 3 = P|^_ T n . 

Consider the ring of 3-adic integers Z 3 . In a procedure reminiscent of the 
construction of the classic ternary Cantor set (see ^2.1[) . we construct the nonar- 
chimedean (or 3-adic) Cantor set as follows. First, we subdivide Tq = Z 3 into 3 
equally long subintervals. We then remove the "middle third" subinterval 1 + 3Z 3 
and call T\ the remaining set: Ti = + 3Z 3 U 2 + 3Z 3 . We then repeat this process 
with each of the remaining subintervals, i.e., with + 3Z 3 and 2 + 3Z 3 . Finally, 
we define the nonarchimedean Cantor set C 3 to be n^Lo^' see Figure 3. Here, 
for each n > 0, the compact set T„ is the union of 2 n 3-adic intervals of scale n 
(i.e., of radius or diameter 3 _n ). Note that C 3 is compact, as the intersection of a 
decreasing sequence of compact subsets of Z 3 . 

The nonarchimedean analog of Theorem 12.11 is then given by Theorem 12.31 
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Theorem 2.3. The nonarchimedean Cantor set C 3 is self-similar. More specifi- 
cally, it is the unique nonempty, compact invariant set in Z 3 C Q 3 generated by the 
IFS 3? = {$1, $2} of affine similarity contraction mappings ofZ^ into itself, where 

(2.6) $i(a;) = 3a; and $2(21) = 3x + 2. 

That is, 

C 3 = $i(C 3 )U$ 2 (C 3 ). 

The next result is also a counterpart of a well known property of the ternary 
Cantor set (which we have omitted to recall in £)2.1[ by necessity of concision). It is 
a simple consequence of the self-similarity of the nonarchimedean Cantor set C 3 , as 
expressed by Theorem 12.31 and provides a useful introduction to the more general 
notion of p-adic self-similar string to be discussed in Sj4] 

Theorem 2.4. Let W a — {1,2}" be the set of all finite words, on two symbols, of 
a given length a > 0. Then 

00 

c 3 = n u $ -( z 3)' 

Q=0 wSlWc 

where <& w :— § Wa o ■ ■ • o $ mi for w = (w±, . . . , w a ) € W a and the maps <& Wj are as 
in Equation i2.6\) . 



Z 3 




$i(Z 3 ) 1 + 3Z 3 $ 2 (Z 3 ) 




$n(Z 3 ) 3 + 9Z 3 $2i(Z 3 ) $i 2 (Z 3 ) 5 + 9Z 3 $ 22 (Z 3 ) 



Figure 4. Construction of the nonarchimedean Cantor set C 3 via 
an Iterated Function System (IFS). 

The following result is the nonarchimedean analog of Theorem 12.21 

Theorem 2.5. The nonarchimedean Cantor set is characterized by the 3-adic ex- 
pansion of its elements. That is, 

C 3 = {r e Z 3 I r = a + a x 3 + a 2 3 2 + • • • , aj G {0, 2}, Vj > 0} . 

Theorem 2.6. The ternary Cantor set C and the nonarchimedean Cantor set C 3 
are homeomorphic. 

PROOF. Let 7 : C — !• C 3 be the map sending 

00 00 
(2.7) »-' ! 
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where aj € {0,2} for all j > 0. We note that on the left-hand side of (|2.7|) . we 
use the ternary expansion in R, whereas on the right-hand side we use the 3-adic 
expansion in Q3. Then, in light of Theorems 12.21 and 12.51 7 is a continuous bijective 
map from C onto C3. Since both C and C3 are compact spaces in their respective 
natural metric topologies, 7 is a homeomorphism. □ 

Remark 2.7. In view of Theorem l2.6l like its archimedean counterpart, the nonar- 
chimedean Cantor set C3 is compact, totally disconnected, uncountably infinite and 
has no isolated points. In particular, it is a perfect and complete metric space; 
furthermore, its topological dimension is 0. 

2.4. Nonarchimedean (or 3-Adic) Cantor String. The nonarchimedean 
(or 3-adic) Cantor string CS3 is defined to be 

(2.8) CS 3 := (1 + 3Z 3 ) U (3 + 9Z 3 ) U (5 + 9Z 3 ) U • • • = Z 3 \C 3 , 

the complement of C3 in Z3; see the "middle" parts of Figure 4. Therefore, by 
analogy with the relationship between the archimedean Cantor set and Cantor 
string, the nonarchimedean Cantor set C3 can be thought of as a kind of "boundary" 
of the nonarchimedean Cantor string. Certainly, C 3 is not the topological boundary 
of CS3 because the latter boundary is empty. 

As was alluded to earlier, since Q p is a locally compact group, there is a unique 
translation invariant positive measure on Q p , called Haar measure and denoted by 
[J.h> normalized so that /Li#(Z p ) = 1 and hence /i#(a + p fe Z p ) = p~ k , for any a 6 Q p 
and k € Z; see [21J . [48] . |49] . As in the real case in W2.21 we may identify CS3 with 
the sequence of lengths l n = 3~™, counted with multiplicities m n = 2 n ~ 1 , for all 
n > 1. 

o 
o 
o 
o 

10 
P o 

e 

D 1 

o 

o 
o 
o 
o 
o 
o 

Figure 5. The set of complex dimensions, T>cs — ^cs 3 , of the 
archimedean and nonarchimedean Cantor strings, CS and CS3. 



10 



MICHEL L. LAPIDUS AND LLP HUNG 



Clearly, these lengths are given by the Haar measure of the 2™~ 1 3-adic intervals 
{I n ,q}q = i of scale n (and hence, of length 3~") composing the level n approximation 
to CS3. In the sequel, in agreement with the general definition of the geometric 
zeta function of a p-adic fractal string to be given in <J3] Ccs 3 (s) is initially defined 
by the following convergent Dirichlet series: 

00 00 <yn,-\ 

71 — 1 71—1 

for K(s) > log 3 2. 

The following theorem provides the exact analog of Equations (|2.1I) and (|2.2I) : 

Theorem 2.8. The geometric zeta function of the nonarchimedean Cantor string 
is meromorphic in all of C and is given by 

(2-9) <CS a (s)= 1 J 2 ' 3 _ a , for seC. 

Hence, the set of complex dimensions of CS3 is given by 
(2.10) V CSs = {D + ivp\v€ Z}, 

where D — log 3 2 is f/ie dimension of CS3 and p = 2n / log 3 is its oscillatory period; 
see Figure 5. 

Remark 2.9. It is proved in [29] that D is the Minkowski dimension of CS3 C Z3; 
see Theorem 13.211 below. Clearly, it follows from the above computation that D is 
also the abscissa of convergence of the Dirichlet series initially defining £cs 3 • 



Remark 2.10. We will see in Example 14 . 5 1 that CS3 is a 3-adic self-similar string 
(in the sense of [28] and <2]) , with associated nonarchimedean self-similar set C3 and 
such that CS3 = Za\C3, the complement of the 3-adic Cantor set in Z3. 

The following result is the analog (for the nonarchimedean Cantor string CS3) of 
Theorcm l2.4l It provides a precise description of CS3 as a countable disjoint union 
of 3-adic intervals. It also admits an archimedean counterpart, for the ternary 
Cantor string CS (which we have omitted to state in §2.2[) . As we shall see in the 
more general context of 2] the property described in that theorem follows from the 
sclf-similartiy of the nonarchimedean Cantor string CS3; see Figure 6. 



Theorem 2.11. With the same notation as in Theorem \2.J\ we have that 

00 

CS 3 = U U Ml + SZa). 

The counterpart for the nonarchimedean Cantor string CS3 of the explicit tube 
formula (|2.4p for the archimedean Cantor string CS is given by 

.1-0) 



£ 



where T>cs 3 is given by (|2.10l) . 

Remark 2.12. With the exception of the fractal tube formula (|2.1ip for CS3, 
which is derived in [21] , all of the results stated in $3] are obtained in [57] , where 
the interested reader can find their detailed proofs. 
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Figure 6. Construction of the nonarchimedean Cantor string CS3 
via an IFS. 



Remark 2.13. The precise definition of the volume of the tubular neighborhood 
of a p-adic fractal string (and in particular, of the 3-adic Cantor string) will be 
given in Definition 13.151 (which makes use of Definition 13. 1 1[) of ! 



2.5. A Comparative Study of the Real and 3-Adic Cantor Strings. 

A glance at Equations (|2.2[) and (|2.10[) shows that the archimedean and nonar- 
chimedean Cantor strings CS and CS3 have the exact same set of complex dimen- 
sions: 

(2.12) Vcs=T>cs a ={D + ivp\v&Z}; 

in particular, they have the same Minkowski dimension D — log 3 2 and the same 
oscillatory period p = 27r/log3. In the present case, the complex dimension are in 
arithmetic progression (with period p) along a single vertical line, 3?(s) = D, and 
they are simple (i.e., they are simple poles of the geometric zeta function). 

We will see in £14.31 and !)4.4l that p-adic self-similar strings (of which CS3 is the 
simplest, nontrivial example) are always lattice, in a strong sense, which implies that 
their complex dimensions are periodically distributed along finitely many vertical 
lines, beginning with the rightmost line 5ft(s) = D, where D is both the abscissa of 
convergence and the Minkowski dimension of the string. 

We next focus our attention on the fractal tube formulas for CS and CS3, as 
given by (|2.4| and (|2.1ip . respectively!"! In each case, one sums over the complex 
dimensions uj in T>cs = ^cs a a certain expression of s and uj; namely, 

(2s) 1 -" e 1 -" 

or 

(21og3)w(l - uj) (6 log 3) (1- u)' 

which can be interpreted as the residue at s = to of the so-called 'tubular zeta 
function' of CS or CS3, respectively (cf. [3"2"rf3"4] and Remark 13.291 i n jj3.5|) . 
Alternatively, since Ccs(s) = Cc5 3 («), in light of JUT]) and ([23]) FT" 

(2-13) res(Ccs^) = res(( C s 3 ;u) = 1 

2 log 3 



^For now, we neglect the lower order term Is in 1 12.411 . which does not have a counterpart in 

(UP 

12 Here and thereafter, we denote by res(/(s); uj) (or res(f; oj), when no ambiguity may arise) 
the residue of a meromorphic function / at the pole s = u. 
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for every w € T>cs = T^cs 3 , we can rewrite (|2.4[) and ()2.1ip as follows: 

(2.14) V cs (e) + 2e= V res(( CS ;u) & " 

— clM 1 — ) 

and 

(2-15) VcsM=3~ 1 V re S (Cc5 3 ^) £j ~ 



1 — Ul 

(recall that for CS^, p — 3 is the underlying prime). 

Finally, we provide an additional reformulation of the tube formulas (|2.4[) and 
()2.11[) . This reformulation will make apparent the role played by the complex 
dimensions. Namely, the real parts of the complex dimensions govern the amplitudes 
of the underlying oscillations, while their imaginary parts are directly linked with 
the frequencies of these oscillations. More specifically, (12.41) or (12. 14|) implies that 

(2.16) (2e)- il - D Hv cs (e) + o(l)) = G cs (log 3 e" 1 ), 
where o(l) — > as e — > + and 

(2.17) G CS {x) := — - — _^ - 

n£Z v 7 v 7 

is a bounded, nonconstant periodic function of period 1 on 
Similarly, (I2.11[) or (|2 . 15[) becomes 

(2-18) e-^- D W C sM = G C53 (logae- 1 ), 

where 



(2.,,) Gc5 , (l ):= £ 



2 log 3 ^— ^ 1 — £> — inp 

is a nonconstant periodic function of period 1 on R. 

In light of ([2TT6j) — ([27T7j) and ([2~T8|) - (|2~T9)) . it is clear that neither the limit 
(as e 0+) of e _(1_ ' D) Vc5(e) nor the limit of e~^~ D ^Vcs 3 (e) exists. Hence, 
neither the archimedean Cantor string C<S nor the nonarchimedean Cantor string 
CS3 is Minkowski measurable (see [23l [29l |35l |39] and £|3 . 3[) . However, by suitably 
averaging the left-hand side of (|2.16|) over a large number of periods of Gcs, one 
can show that the appropriately defined average Minkowski content of CS exists 
and is given by 

M av (CS) = (1 _ 2 ^ lQg2 ; 

cf. [3! Rem. 8.35] Similarly, by suitably averaging the left-hand side of (|2.18|) 
over infinitely many periods of Gcs 3 > one shows that the average Minkowski content 
of CS3 exists and is given by 

M av (CS 3 ) = — — - — - — — ; 

6(log3 — log 2) 



-^Actually, Gcs is bounded away from zero and from infinity; see |35j and |39l Fig. 2.6 and 
§2.3.1]. 

^The minor discrepancy between the value of A4 a v(CS) given here and that of |39l Rem. 
8.35] is due to the fact that CS is defined as in 1391 §1.1.2] and not as in 1391 §2.3.1]; in particular, 
it has total length 1 rather than 3. 
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sec Definition 14.271 and Example 14.301 in §4.61 below. 

3. p-Adic Fractal Strings 

Let fi be a bounded open subset of Q p . Then it can be decomposed into a 
countable union of disjoint open balls with radius p nj centered at dj € Q p , 

a,j + p n *Z p = B{ aj ,p- n ') = {x G Q p | \x - a 3 \ p < jT"'}, 

where rij € Z and j G N* . There may be many different such decompositions since 
each ball can always be decomposed into smaller disjoint balls [5T]; see Equation 
(|2.5|) . However, there is a canonical decomposition of fl into disjoint balls with 
respect to a suitable equivalence relation, as we now explain. 

Definition 3.1. Let U be an open subset of Q p . Given x,y € U, we write that 
x ~ y if and only if there is a ball B C U such that x,y E B. 

It is clear from the definition that the relation ~ is reflexive and symmetric. To 
prove the transitivity, let x ~ y and y ~ z. Then there are balls B\ containing x, y 
and B2 containing y,z. Thus y e B\ n B%; so it follows from the ultrametricity of 
Q p that either B\ C B2 or B2 C Si. In any case, x and z are contained in the same 
ball; so x ~ z. Hence, the above relation ~ is indeed an equivalence relation on the 
open set U. By a standard argument (and since Q is dense in Q p ), one shows that 
there are at most countably many equivalence classes. 

Remark 3.2. (Convex components) The equivalence classes of ~ can be thought 
of as the 'convex components' of U. They are an appropriate substitute in the 
present nonarchimedean context for the notion of connected components, which is 
not useful in Q p since Z p (and hence, every interval) is totally disconnected. Note 
that given any x € U, the equivalence class (i.e., the convex component) of x is the 
largest ball containing x (or equivalently, centered at x) and contained in U. 

Definition 3.3. A p-adic (or nonarchimedean) fractal string C p is a bounded open 
subset of Q p . 

Thus it can be written, relative to the above equivalence relation, canonically 
as a disjoint union of intervals or balls: 

00 00 
C p = \J( aj +p n *Z p ) = (J B( aj ,p-^). 
i=i j=i 
Here, B{aj,p~ ni ) is the largest ball centered at aj and contained in fl We may 
assume that the lengths (i.e., Haar measure) of the intervals a, + p nj Z p are nonin- 
creasing, by reindexing if necessary. That is, 

(3.1) p- ni > p- n2 > p- n3 > • ■ ■ > 0. 

Definition 3.4. The geometric zeta function of a p-adic fractal string C p is defined 
as 

00 00 
(3-2) ( Cp (s) = 5> ff K- +p^Z p )Y = J2P~ njS 

3=1 3=1 

for 3?(s) sufficiently large. 



We shall often call a p-adic ball an interval. By 'ball' here, we mean a metrically closed 
and hence, topologically open (and closed) ball. 
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Remark 3.5. The geometric zeta function £c is well defined since the decompo- 
sition of C p into the disjoint intervals aj + p nj, Zp is unique. Indeed, these intervals 
are the equivalence classes of which the open set 51 (defining C p ) is composed. In 
other words, they are the p-adic "convex components" (rather than the connected 
components) of fl. Note that in the real (or archimedean) case, there is no dif- 
ference between the convex or connected components of f2, and hence the above 
construction would lead to the same sequence of lengths as in [39l §1.2]. 



I: 


5 / 


w 







D 1 



FIGURE 7. The screen 5 and the window W. 

The screen 5 is the era ph0 of a real- valued, bounded and Lipschitz continuous 
function S(t): 

S = {S(t)+it teK}. 

The window W is the part of the complex plane to the right of the screen 5: (see 
Figure 7): 

W = {s e C | > 5(3(s))}. 

Let 

inf S = inf S(t) and supS" = sup 5(f), 
*e R ten 

and assume that sup 5 < a, where a = a c p is the abscissa of convergence of C p (to 

be precisely defined in (|3.4[) below). 

Definition 3.6. If has a meromorphic continuation to an open connected 
neighborhood of W C C, then 

(3.3) V Cp (W) = {uj e W \ wis a pole of C£ p } 

is called the set of visible complex dimensions of C p . If no ambiguity may arise or if 
W — C, we simply write T>c p = T>c p (W) and call it the set of complex dimensions 
of C v . 



l^With the vertical and horizontal axes interchanged. 
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Moreover, the abscissa of convergence of C p (or rather, of the Dirichlet series 
initially defining (c in Equation (|3.2|1 ) is denoted by a = ac ■ Recall that it is 
defined by 

(3.4) a Cp = inf | a e R | ^p"" iQ < oo J . 

Remark 3.7. In particular, if (c p is entire (which occurs only in the trivial case 
when C p is given by a finite union of intervals), then a c p — — oo. Otherwise, o~c p > 
(since C p is composed of infinitely many intervals) and we will see in Theorem 
13.211 that ac p < oo since ac p < Dm < 1, where Dm = Dm,c p is the Minkowski 
dimension of C p . Furthermore, it will follow from Thcorcm l3 . 2 1 I that for a nontrivial 
p-adic fractal string, o~c p = Dm- This is the case, for example, for the 3-adic Cantor 
string introduced in §2.4[ for which a = Dm = log 3 2. 

Observe that since T>c p (W) is defined as a subset of the poles of a meromorphic 
function, it is at most countable. 

Finally, we note that it is well known that £c is holomorphic for 5R(s) > cr£ p ; 
see, e.g., [50]. Hence, 

V Cp C {s e C I K(a) < o-cj. 

Remark 3.8 (Archimedean fractal strings). Archimedean or real fractal strings 
are defined as bounded open subsets of the real line K = Qoo- They were initially 
defined in [35] . following an early example in [22] , and have been used extensively 
in a variety of settings; see, e.g., HU HMH [22HM1 (Ml IMSZ1 SS] and the books 
[38l [3^1 [25]. Since an open set ft C K is canonically equal to the disjoint union 
of finitely or countably many open and bounded intervals (namely, its connected 
components), say fl = Uj=i ^ii we may also describe a real fractal string by a 
sequence of lengths C — where lj = is the length or 1-dimensional 

Lebesgue measure of the interval Ij, written in nonincreasing order 

h > h > h > ■ ■ ■ ■ 

Note that since /ii(f2) < oo, lj — > as j — ¥ oo (except in the trivial case when Q 
consists of finitely many intervals) F*1 

All the definitions given above for p-adic fractal strings have a natural coun- 
terpart for real fractal strings. For instance, the geometric zeta function of C is 
initially defined by 

oo oo 

(3-5) Cc ( s ) = J2^L(W=J2 l h 

3=1 J=l 

for 5ft(s) > ac, the abscissa of convergence of £, and for a given screen S and 
associated window W, the set T>c — T>c(W) of visible complex dimensions of C is 
given exactly as in (|3 . 3[) of Definition 13.61 except with C p and £c p replaced with C 
and £c , respectively. Similarly, ac , the abscissa of convergence of C is given as in 
(|3.4p . except with the lengths of C instead of those of C p . Moreover, it follows from 

19 See, e.g., l50l . 

justification for this identification is provided by the formula for the volume Vc(e) of 
e-inner tubes of f2, as given by Equation l|3.23|l below. 

21 Also observe that the 1-dimensional Lebesgue measure fi^ is nothing but the Haar measure 
on M. — 5J)oo , 

normalized so that fi L ([0,l]) = 1. 
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[39l Thm. 1.10] that for any nontrivial real fractal string C, we have ac = Dm, the 
Minkowski dimension of C (i.e., of its topological boundary dft). 

We refer the interested reader to the research monographs [351 EH] for a full 
development of the theory of real fractal strings and their complex dimensions. 

3.1. p-Adic Euler String. The following p-adic Euler string is a new example 
of p-adic fractal string, which is not self-similar (in the sense of §3]). It is a natural 
p-adic counterpart of the elementary prime string, which is the local constituent of 
the completed harmonic string; cf. [391 §4.2.1]. 

Let X — p~ lr L p . Then, by the 'self-duplication' formula (|2.5|) . 

p-i 
£=o 

We now keep the first subinterval Z p , and then decompose the next subinterval 
further. That is, we write 

p-i 

p~ 1 + z p = U(p~ 1 + £+pz p ). 

£=0 

Again, iterating this process, we keep the first subinterval p~ x +p1 v in the above 
decomposition and decompose the next subinterval, p^ 1 + 1 +pZ p . Continuing in 
this fashion, we obtain an infinite sequence of disjoint subintervals {a n +p n Z p }^ , 
where {a n }^Lo satisfies the following initial condition and recurrence relation: 

ao = and a n — a n _i + p n ~ 2 for all n > 1. 

We call the corresponding p-adic fractal string, 

oo 

£ P = [j{a n +p n Z p ), 

71=0 

the p-adic Euler string. (See Figure 8.) 




Figure 8. Construction of the p-adic Euler string E 1 
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The geometric zeta function of the p-adic Euler string £ p is 



n=0 n=0 



Therefore, C t s p has a meromorphic extension to all of C given by the last expression, 
which is the classic p th - Euler factor: 

(3.6) Cfp ( s ) = _L_ for seC. 

Hence, the set of complex dimensions of £ p is given by 

(3.7) V Sp ={D + iup I i/gZ}, 
where D = a = and p = 27r/logp. 

Remark 3.9 (Adelic Euler string). Note that £e p is the p -Euler factor of the 
Riemann zeta function; i.e., 

1 00 1 

II C^W = II 7-7F7 = E ^ = CM for »(,) > 1. 

p<oo p<oo n—1 

Recall that the meromorphic continuation £ of the Riemann zeta function £ has the 
same (critical) zeros as £ and satisfies the functional equation £(s) = £(1 — s). 

We hope to form a certain 'adelic product' over all p-adic Euler strings (includ- 
ing the prime at infinity) so that the geometric zeta function of the resulting adelic 
Euler string £ is the completed Riemann zeta function. Formally, the adelic Euler 
string may be written as 

8 = 0£ P 

p<oo 

and its geometric zeta function Cs( s ) would then coincide with the completed Rie- 
mann zeta function £ (see [?7] and, e.g., [TO]): 



= :=7r-*/ 2 r( s /2) JJ 

- L - L 1 — V 



p<oo 

Remark 3.10 (Comparison with the archimedean theory). From the geomet- 
ric point of view, the nonarchimedean Euler string £ p is more natural than its 
archimedean counterpart, the p th elementary prime string h p , described in |391 
§4.2.1]. Indeed, as we have just seen, £ p has a very simple geometric definition. 
Since, by construction, £ p and h p have the same sequence of lengths {p~ n }^ = o, 
they have the same geometric zeta function, namely, the p th Euler factor 

(3-8) C P (s) := 

1 — p s 

of the Riemann zeta function C(s), and hence, the same set of complex dimensions 

f 2tt 

(3.9) V p = i iv- UeZ 

I logp 

An 'adelic version' of the 'harmonic string' h, a generalized fractal string whose 
geometric zeta function is 0i( s ) = C( s )j or rather, of its completion h (so that 
0i( s ) = C( s ))i is provided in [39j §4.2.1]. In particular, with each term being 
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interpreted as a positive measure on (0, oo) and the symbol * denoting multiplicative 
convolution on (0, oo), we have that 

(3.10) h = * p<00 h p and h = * p <oo V 

Furthermore, a noncommutative geometric version of this construction is pro- 
vided in |25| in terms of the 'prime fractal membrane'; see especially, [251 Chaps. 3 
and 4], along with [ST]. Heuristically, a 'fractal membrane' (as introduced in [25] ) 
is a kind of adelic, noncommutative torus of infinite genus. It can also be thought 
of as a 'quantized fractal string'; see [25] Chap. 3]. It is rigorously constructed 
in [2U using Dirac-type operators, Fock spaces, Toeplitz algebras, and associated 
spectral triples (in the sense of [4]); see also [25] §4.2]. We hope in the future to 
obtain a suitable nonarchimedean version of that construction. It is possible that 
in the process, we will establish contact with the physically motivated work in [5] 
involving p-adic quantum mechanics. 

3.2. Volume of Thin Inner Tubes. In this section, based on a part of [29] . 
we provide a suitable analog in the p-adic case of the 'boundary' of a fractal string 
and of the associated inner tubes (or "inner e-neighborhoods"). Moreover, we give 
the p-adic counterpart of the expression that yields the volume of the inner tubes 
(see Theorem I3.16|) . This result serves as a starting point in [29] for proving the 
corresponding explicit tube formula. 

Definition 3.11. Given a point a £ Q p and a positive real number r > 0, let 
B = B(a, r) ={i£ Q p \ \x — a\ p < r} be a metrically closed ball in Q p , as above 
We call S = S(a, r) = {x £ Q p | \x - a\ p = r} the sphere of 

Let C p — U^Li ^(°jj r i) be a p-adic fractal string. We then define the metric 
boundary j3C p of C p to be the disjoint union of the corresponding spheres, i.e., 

oo 

PC P = |J S(aj,rj). 
j=i 

Given a real number e > 0, define the thick p-adic 'inner e -neighborhood' (or 'inner 
tube') of C p to be 

(3.11) N e =N £ {Cp) := {x £ Cp | d p (x,f3C p ) < e}, 

where d p {x, E) = inf{|a; — y\ p \ y £ E} is the p-adic distance of x £ Q p to a subset 
E C Q p . Then the volume Vc p (s) of the thick inner e -neighborhood of C p is defined 
to be the Haar measure of Af e , i.e., Vc p (s) = ^//(A/" e ). 

Lemma 3.12. Let B = B(a,r) and S = S(a,r), as in Definition \3.11\ Then, for 
any positive number e < r, we have 

(3.12) M e {B) :={x G B \ d p (x,S) < e} = S. 
Hence, if r = p~ m for some m £ Z, then for all s < r, 

(3.13) hh({x € B | d p (x, S) < e» = fi H (S) = (1 - p" 1 )?"™. 



Recall that it follows from the ultrametricity of | • | p that B is topologically both closed 
and open (i.e., clopen) in Q p . 

2 ^In our sense, 5 also coincides with the 'metric boundary' of B, as given in this definition. 
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PROOF, (i) Clearly S C {x € B \ d p (x, S) < e} since for any x E S, d p (x, S) = 
0. Next, fix e with < e < r and let x £ B be such that d p (x, S) < e. Then there 
must exist y £ S such that \x — y\ p < e. But, since \y — a\ p = r, we deduce from 
the fact that every "triangle" in Q p is isosceles [21] p. 6] that \x — a\ p — \y — a\ p 
and thus x £ S. This completes the proof of (|3.12[) . 

(ii) We next establish formula (|3.13|) . In light of Equation (|3.12|1 . it suffices to 
show that 

(3.14) m {S) = {l-p- 1 )p- m . 

Let S 1 = S(0, 1) = {x e Q p | \x\ p = 1} denote the unit sphere in Q p . Since 
S = S(a,p- m ) =a+p m S 1 1 we have that fi H {S) = ^ H {S l )p- m . Next we note that 

5(0, 1)= |J S(0,p- m ) 

m>0 

is a disjoint union. Hence, by taking the Haar measure of B(0, 1), we deduce that 

(3.15) 1 = (Jr p- m ^j HhIS 1 ) = T -i- T MH(^ 1 ), 

from which (|3.14l) and hence, in light of part (i), (j3. 13[) follows. □ 

Theorem 3.13 (Volume of thick inner tubes). Let C p = U^Li B(aj,p~ n :>) be a 
p-adic fractal string. Then, for any e > 0, we have 

k 

(3.16) Vc p (s) = 

j=i j>k 

k 

(3-17) = Cc p (l)--X>" ni ' 

where k = k{e) is the largest integer such that p~ rik > e. 

Sketch of the PROOF. In light of the definition of Af £ = N e (C p ) given in 
Equation (|3.11[1 and the definition of k given in the theorem, we have that 

k 

M e = |J Si u |J B h 

j=i j>k 

where Bj := B(aj ,p~ nj ) and Sj :— S(aj,p~ nj ) for each j > 1. 

We then apply Lemma 13.121 to deduce the expression of Vc (e) = M-ff(^e) 
stated in Equations (|3.16p and p. 171) . □ 

Note that Cc P (l) = J2JLiP~ nj ^ s ^ ne volume of C p (or rather, of the bounded 
open subset Q of Q p representing C p ): 

Cc p (l) = Mff(A>) < oo. 
It is clearly independent of the choice of ft representing £ p , and so is Vc (s) in light 
of either dSTTHJ) or (JSHTJ). 

Corollary 3.14. The following limit exists in (0, oo) : 

(3-18) lim V Cp {e) = VhWp) = (1 - P^Kc P (1). 

e— >0+ 
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This follows by letting e — > + in either (|3.16|) and (|3.17[) and noting that 
k = k(e) — > oo. 

Corollary 13.141 combined with the fact that (3C P C Af £ (£ p ) for any e > 0, 
naturally leads us to introduce the following definition. 

Definition 3.15. Given e > 0, the thin p-adic 'inner e -neighborhood' (or 'inner 
tube') of C p is given by 

(3.19) N e = N e (C p ) := M e (£ p )\/3£ p . 

Then, in light of Corollarv l3.14[ the volume Vc p (e) of the thin inner e -neighborhood 
of C p is defined to be the Haar measure of N e and is given by 

(3-20) V Cp (e) := m (N e ) = V Cp (e) - n H (fi£p). 

Note that, by construction, we now have lim e _ > .o+ Vc p (e) = 0. 

We next state the counterpart (for thin inner tubes) of Theorem 13.131 which 
is the key result that will enable us to obtain an appropriate p-adic analog of the 
fractal tube formula as well as of the notion of Minkowski dimension and content 
(see fO]) . 

Theorem 3.16 (Volume of thin inner tubes). Let C p — Ujli B{aj,p~ rij ) be a 
p-adic fractal string. Then, for any e > 0, we have 

(3.21) V Cp (e) = P^Y.P~ ni = P' 1 E P~ n ' 

(3-22) = p" 1 fcc,(l)-5>" n 'j , 

where k — k(e) is the largest integer such that p~ Uk > e, as before. 

Remark 3.17. Observe that because the center a of a p-adic ball B = B(a,p~ n ) 
can be chosen arbitrarily without changing its radius p~ n , the metric boundary 
of a ball, f5B = S = S(a,p~ n ), may depend on the choice of a. Note, however, 
that in view of Equation (13. 13)) in Lemma 13.121 its volume (j,h(S) depends only 
on the radius of B. Similarly, even though the decomposition of a p-adic fractal 
string f2 (i.e., C p ) into maximal balls Bj = Bj(aj,p~ nj ) is canonical, 'the' metric 
boundary of £ p , j5L p = U^Li S( a ji r j)j ma y m general depend on the choice of the 
centers aj. However, according to Corollary 13. 14[ ^h((3C p ) is independent of this 
choice and hence, neither Vc p (s) — LiH(Ne(£p)) nor Vc p (e) = ^ff(N e (jC p )) depends 
on the choice of the centers. Indeed, in light of Theorem l3.13l and Theorem I3.16[ 
V£ p (e) and Vc (e) depend only on the choice of the p-adic lengths p~ Uj , and hence 
solely on the p-adic fractal string C pi viewed as a nonincreasing sequence of positive 
numbers, and not on the representation fi, let alone on the choice of the centers 
of the balls of which is composed. Although it is not entirely analogous to it, 
this situation is somewhat reminiscent of the fact that the volume Vc{s) of the 
inner e-neighborhoods of an archimedean fractal string depends only on its lengths 
and not on the representative fl of C as a bounded open set; see Equation 
(|3.23p and the discussion surrounding it in Remark l3.18l 

Remark 3.18 (Comparison between the archimedean and the nonarchimedean 
cases). Recall that Vc p {z) does not tend to zero as e + , but that instead it 
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tends to the positive number (1 — p~ x )(c (1), whereas Vc (e) does tend to zero. 
This is the reason why the Minkowski dimension must be defined in terms of Vc p (s) 
(as will be done in WS.ty rather than in terms of Vc_(e). Indeed, if Vc p (e) were used 
instead, then every p-adic fractal string would have Minkowski dimension 1. This 
would be the case even for a trivial p-adic fractal string composed of a single interval, 
for example. This is also why, in the p-adic case, we will focus only on the tube 
formula for Vc p (e) rather than for V/; (e), although the latter could be obtained by 
means of the same techniques. 

Note the difference between the expressions for Vc (s) in the case of an archimedean 
fractal string C and for its nonarchimedean thin (resp., thick) counterpart Vc (e) 
(resp., Vc (e)) in the case of a p-adic fractal string C p . Compare Equation (8.1) of 
[39] (which was first obtained in [35]). 



with Equations (|3.21[) - (|3.22[l in Theorem 13.161 (Here, we are using the notation 
of Remark I3.8[ to which the reader is referred to for a brief introduction to real 
fractal strings.) It follows, in particular, that Vc(s) is a continuous function of e 
on (0,oo), whereas V£ p (e) (and hence also Vc p {s)) is discontinuous (because it is 
a step function with jump discontinuities at each point p~ nj , for j = 1, 2, . . .). The 
above discrepancies between the archimedean and the nonarchimedean cases help 
explain why the tube formula for real and p-adic fractal strings have a similar form, 
but with different expressions for the corresponding 'tubular zeta function' (in the 
sense of [3"2~rl3~i] ) . We note that a minor aspect of these discrepancies is that 2e is 
now replaced by e. Interestingly, this is due to the fact that the unit interval [0,1] 
has inradius 1/2 in R = Qoo whereas Z p has inradius 1 in O^FI 

Finally, we note that for an archimedean fractal string C, there is no reason 
to distinguish between the 'thin volume' Vc and the 'thick volume' Vc, as we 
now explain. Indeed, the archimedean analogue (3£ of the metric boundary is 
a countable set, and hence has measure zero, no matter which realization Q one 
chooses for C. More specifically, in the notation of Remark [3.8[ j3C consists of all the 
endpoints of the open intervals Ij (the connected components of f2, or equivalently, 
its convex components). Hence, /zl(/3£) = and so 



as claimed. 

For example, if C is the ternary Cantor string CS, then @C is the countable 
set consisting of all the endpoints of the 'deleted intervals' in the construction of 
the real Cantor set C (see ^2.11) ; in other words, (3£ is the set T of ternary points 
(which has measure zero because it is countable). Hence, the metric boundary (3C 
of CS is dense in dC, the topological boundary of CS, and which in the present 
case, coincides with the ternary Cantor set C. Also note that the fact that C = dC 
(and not T — /3C) has measure zero is purely coincidental and completely irrelevant 
here. Indeed, the same type of argument would apply if C were any archimedean 
fractal string, even if ^^(dC) > as is the case for example, if dC is a 'fat Cantor 
set' (i.e., a Cantor set of positive measure) or, more generally, if dC is a 'fat fractal' 



(3.23) 




V c (e) :=Vc(e)-n L (p£)=Vc(e), 



Recall that the inradius of a subset E of a metric space is the supremum of the radii of 
the balls entirely contained in E. 
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(in the sense of [T4j [43]). The underlying reason is that in the archimedean case, 
the topological boundary dC — dVL is disjoint from f2 (since f2 is open), and hence, 
does not play any role in the computation of Vc(s) or of Vc(e). By contrast, it is 
not true that the metric boundary j3C and f2 are disjoint (since, in fact, f3C C O), 
but what is remarkable is that the Minkowski dimension of j3C coincides with that 
of its closure, and hence (in most cases of interest), with Dm,c] see [22] and the 
relevant references therein. 

As a first application of Theorem l3.161 we can obtain, via a direct computation, 
a tube formula for the p-adic Euler string £ p ] that is, an explicit formula for the 
volume of the thin inner e-neighborhood, Vs p (e) , as given in Definition 13.151 Later 
on, we will similarly obtain a tube formula for the nonarchimedean counterpart of 
the Cantor string, as discussed in H2.4I We will also show how to recover these 
results from the general theory developed in the next section. 

Example 3.19. (Explicit and exact tube formula for the p-adic Euler string £ p ). 
Let £ p be the p-adic Euler string defined in §3.11 Given e > 0, let k be the largest 
integer such that /Uff(a& + p k Z p ) = V k > e 'i then k = [log e -1 ]F^ Thus, by 
Equation (|3 . 2 1[) of Theorem 13. 161 we have successively: 



VsM = p- 1 P 

n=k+l 

P' 1 -U 

~ P 



p-1 

D -i x /i\-P°*p« _1 > 



P-1 \Py 

p- 1 p-l v e 1 -"^ 



- i \ - t 
p — 1 log p ^ i — imp 



(3.24) 



1 



-1-UI 



We now explain some of the steps above. In the third equality, we have written 
that k = log p e _1 — {log p e -1 }. Furthermore, in the next to last equality, we have 
appealed to the Fourier series expansion for given by 

(3-25) b-^ = —±Y - , 

v ; b ^—i log b + 2irin 

for b = p^ 1 and x — log p £ _1 . (See [3§1 Eq. (1.13)].) Finally, in the last equality, 
we have used Equation (|3.7j) for the set of complex dimensions T>£ of £ p . 

3.3. Minkowski Dimension. In the sequel, the (inner) Minkowski dimension 
and the (inner) Minkowski content of a p-adic fractal string C p (or, equivalently, of 
its metric boundary /3C p , see Dcfinition l3.1ip is defined exactly as the corresponding 
notion for a real fractal string (see Defn. 1.2]), except for the fact that we use 



we write x = [x] + {x}, where [x] is the integer part and {x} is the 
fractional part of x\ i.e., x £ Z and < x < 1. 
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the definition of V(e) = V Cp (e) provided in Equation (f3~20]) of gH2EJ (For reasons 
that will be clear to the reader later on in this section, we denote by Dm = Dm,c p 
instead of by D = Dc p the Minkowski dimension of C p .) More specifically, the 
Minkowski dimension of C p is given by 

(3.26) D M = D MXp ■= m£ {a > | V Cp (s) = Oie 1 ^) as e ->■ 0+} . 

Furthermore, C p is said to be Minkowski measurable, with Minkowski content M., 
if the limit 

(3.27) M = lim V c (e)£- (1 - Dm) 

£->0 + 

exists in (0, oo). 

Remark 3.20. Note that since Vc p (e) — Vc p (e) — (flC P ), the above definition of 
the Minkowski dimension is somewhat analogous to that of "exterior dimension" , 
which is sometimes used in the archimedean case to measure the roughness of a 
'fat fractal' (i.e., a fractal with positive Lebesgue measure). The notion of exterior 
dimension has been useful in the study of aspects of chaotic nonlinear dynamics; 
see, e.g., [33] and the survey article [33] . 

The following theorem (from [2H]) is the exact p-adic analog of 1391 Thm. 1.10] 
(first observed in [33] , using a result of Besicovitch and Taylor [5] ) |£j 

Theorem 3.21. Let C p be a nontrivial p-adic fractal string^^ Then the abscissa 
of convergence o~c p of the geometric zeta function £c coincides with the Minkowski 
dimension Dm- That is, o~c p — Dm- 

Remark 3.22. For any p-adic fractal string, we have < Dm < 1- Indeed, by 
definition, Dm > 0; furthermore, in light of p.26[) . Dm < 1 since a p-adic fractal 
string is a bounded open set, and hence, has finite volume. 

The next corollary follows by combining Theorem 13.211 and Remark 13.221 

Corollary 3.23. Let C p be a nontrivial p-adic fractal string. Then < a < 1. 

Remark 3.24. The proof of ac < Dm in Theorem 13.211 is obtained by adapting 
the first part of the proof of [39] Thm. 1.10]. In light of the new form of Vc p {e) 
given by Theorem 13.161 however, it does not seem possible to prove the reverse 
inequality ac > Dm by simply adapting the second part of the proof of [5^1 Thm. 
1.10]. Nevertheless, this latter inequality follows from the following new integral 
representation of the geometric zeta function (^c p in Lemma l3.251 a specification to 
p-adic fractal strings of a general lemma in [29]. 

Lemma 3.25. Let C p be a p-adic fractal string, then 

(3.28) ( Cp (s) = Q Cp + P(l ~ s) ^ V Cp (e)e s - 2 ds, 

Jo 

where h = p~ ni as in H3.1\) . Furthermore, the integral converges exactly when 
Cc p (s) = J2T=iP~ njS converges. 

■^Recall that as was explained towards the end of Remark 13.181 in the archimedean case, 
V(e) = Vc(e) is the same, whether it is defined by the analog for C of (12.3ft or by the counterpart 
of < f3~2Tn in Definition 

Note that like in |39l Thm. 1.10], we need to assume that C p has infinitely many lengths 
since in the latter case, we have a £ p = — oo. 

"^ 2 i.e., C p is not given by a finite union of intervals. 
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3.4. Languid and Strongly Languid p-Adic Fractal Strings. In £13.51 we 

will obtain explicit tube formulas for p-adic fractal strings, with and without error 
term. (See Theorem l3.28l and Corollary 13.301 ) We will then apply the tube formula 
without error term (the strongly languid case of Theorem l3.28p to p-adic self-similar 
strings in £|4.5[ and will apply its corollary to the p-adic Euler string discussed in 
£13.11 and revisited in Example 13.321 (at the end of £13. 5[) . 

In order to state the explicit formulas with (or without) error term, we need to 
assume the following technical hypotheses (see Defns. 5.2 and 5.3] and recall 
the definition of the screen S given in £[31 just before Definition 13. 6p . 

Definition 3.26. A p-adic fractal string C p is said to be languid if its geometric zeta 
function Qc p satisfies the following growth conditions: There exist real constants n 
and C > and a two-sided sequence {T" n } n6 z of real numbers such that T_ n < < 
T n for n > 1, and 

T n 

lim T n = oo, lim T_„ = -oo, lim = 1, 

n— >oo n— foo n— >oo _/_ n 

such that 

• LI For all n G Z and all u > S(T n ), 

\U v {u + iT n )\<C(\T n \ + l)\ 

• L2 For all t G R, \t\ > 1, 

ic^(5w+it)i<cie 

We say that C p is strongly languid if its geometric zeta function satisfies the 
following conditions, in addition to LI with S(t) = — oo : There exists a sequence 
of screens S m : £ i-> S m (t) for m > 1,( £ I, with supS"™ — > — oo as m — > oo and 
with a uniform Lipschitz bound sup m>1 ||S' m ||Lip < oo, such that 

• L2' There exist constants A, C > such that for all t G K and m > 1, 

|C£,(5 ro (*) + it)|<CAl 5 »WI(|t| + l)". 

Remark 3.27. (a) Intuitively, hypothesis LI is a polynomial growth condition 
along horizontal lines (necessarily avoiding the poles of Cc p )i while hypothesis L2 
is a polynomial growth condition along the vertical direction of the screen. 

(b) Clearly, condition L2' is stronger than L2. Therefore, if C p is strongly 
languid then it is also languid (for each screen S m separately). 

(c) Moreover, if C p is languid for some k, then it is also languid for every larger 
value of k. The same is also true for strongly languid strings. 

(d) Finally, hypotheses LI and L2 require that C,c p has an analytic (i.e., mero- 
morphic) continuation to an open, connected neighborhood of 3?(s) > ac p , while 
L2' requires that C,c p has a meromorphic continuation to all of C. 

3.5. Explicit Tube Formulas for p-Adic Fractal Strings. The following 
result is the counterpart in this context of Theorem 8.1 of [55] . the distributional 
tube formula for real fractal strings. It is established in [29] by using, in particular, 
the extended distributional explicit formula of [39l Thms. 5.26 and 5.27], along 
with the expression for the volume of thin inner e-tubes obtained in Theorem 13.161 

Theorem 3.28 (p-Adic explicit tube formula), (i) Let C p be a languid p-adic 
fractal string for some real exponent k and a screen S that lies strictly to the left 
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of the vertical line 5f(s) = 1. Further assume that o~c p < 10 Then the volume of 
the thin inner e -neighborhood of C p is given by the following distributional explicit 
formula, on test functions in D(0, oo) |fj 



(3.29) V Cp (s)= Yl res ( P C i"_f 

where T>c p (W) is the set of visible complex dimensions of C p (as given in Definition 
\3. 6\) . Here, the distributional error term is given by 

2ni L 1 



(3.30) K p (e) = — I ds 



and is estimated distributionally by 

(3.31) K p (e) = 0(e 1 - supS ), ase^0+. 

(ii) Moreover, if C p is strongly languid (as in the second part of Definition 
\3.26]) , then we can take W = C and TZ p (e) = 0, provided we apply this formula to 
test functions supported on compact subsets o/ [0, A). The resulting explicit formula 
without error term is often called an exact tube formula in this case. 

Remark 3.29. We may rewrite the (typically infinite) sum in (|3.29[) as follows: 

(3.32) Y res(( Cp (e;s);s = w), 

where (by analogy with the definitions and results in [32H34] ) , 

3.33 (c P e; s) := f 

1 — s 

is called the nonarchimedean tubular zeta function of the p-adic fractal string C p . 

By contrast, the archimedean tubular zeta function (in the present one-dimensional 
situation) of a real fractal string C is given by 

3.34) Cc(e;s) : = t; r~ , 

s(l - s) 

and the analog of the above sum in the archimedean tube formula of |39| (as rewrit- 
ten in [32] ) is given as in (|3~32|) . except with L p replaced by L and with V c (W)\J{ti\ 
instead of T>c p (W). Note that £,c(£;s) typically has a pole at s = 0, whereas 
(c p (e;s) doesn't. 

Corollary 3.30 (p-Adic fractal tube formula). //, in addition to the hypotheses in 
Theorem \3. 281 we assume that all the visible complex dimensions of L p are simple, 
then 

(3-35) V Cp (e)= J2 c "l +^p(0: 



"^Recall from Corollary |3. 231 that we always have a £ p < 1. Moreover, we will see in Remark 
I4.18l that if C p is self-similar, then (T£ p < 1. 

"^Here, D(0, oo) is the space of C°° functions with compact support in (0, oo). 
36 As in [321 Defn. 5.29]. 
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where c u = p res (Cc ' t uA . Here, the error term 1Z P is given by i3. 30]) and is 
estimated by h3.31\) in the languid case. Furthermore, we have 7Z p (s) = in the 
strongly languid case provided we choose W = C. 

Remark 3.31. In [39l Ch. 8], under different sets of assumptions, both distri- 
butional and pointwise tube formulas are obtained for archimedean fractal strings 
(and also, for archimedean self-similar fractal strings). (See, in particular, Theo- 
rems 8.1 and 8.7, along with §8.4 in [35] .) At least for now, in the nonarchimedean 
case, we limit ourselves to discussing distributional explicit tube formulas. We ex- 
pect, however, that under appropriate hypotheses, one should be able to obtain a 
pointwise fractal tube formula for p-adic fractal strings and especially, for p-adic 
self-similar strings. In fact, for the simple examples of the nonarchimedean Cantor, 
Euler and Fibonacci strings, the direct derivation of the fractal tube formula (|3.35p 
yields a formula that is valid pointwise and not just distributionally. (See, in par- 
ticular, Examples 14.61 [3~19l and 14.261 ) We leave the consideration of such possible 
extensions to a future work. 

Example 3.32 (Fractal tube formula for the p-adic Euler string). We now explain 
how to recover from Theorem 13.281 (or Corollary 13.30)) the tube formula for the 
Euler string £ p obtained via a direct computation in Example 13. 191 of ^3.21 Indeed, 
it follows from Corollary 13.301 (applied with W = C) that 

1 w 

(3-36) V £p (e) = - J2 res(( £p ;u>)- , 

p ' 1 — u 

which is exactly the expression obtained for V £ (e) in formula (I3.24j) of Example 
13.191 since 

res(( £ ;uj) = — — 
logp 

for all u) <G T>£ . (This follows easily from the expression of (c obtained in Equation 
(J3T6J) . ) Note that Corollary 13.301 can be applied here in the strongly languid case 
when W = C and lZ p (e) = since, in light of the discussion in ^3.11 all the complex 
dimensions of £ p are simple and Cs p is clearly strongly languid of order k := and 
with the constant A :— p" 1 . Furthermore, formula (|3.36l) can be rewritten in the 
following more concrete form: 

-| pi — mp 

(3-37) V £p (e) = - E?— > 

p log p 1 — mv> 

since T> £ — {imp : n £ Z} and p = 27r/ logp (as in Equation (|3.7I) of i j3.ip . 
Finally, note that since the series 



— mp 



znp 



.2TTinx 



converges pointwise because the associated Fourier series i-mp ^ s P om t w i se 

convergent on R, the p-adic fractal tube formulas (|3.36|l - (|3.37|l actually converge 
pointwise rather than just distributionally. 
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4. Nonarchimedean Self-similar Strings 

Nonarchimedean (or p-adic) self-similar strings form an important class of p- 
adic fractal strings. In this section, we first recall the construction of these strings, 
as provided in [28]; see ^4.lF^ Furthermore, we give an explicit expression for their 
geometric zeta functions and deduce from it the periodic structure of their poles 
(or complex dimensions) and zeros, as obtained in [28]; see §4.2H4.4I Moreover, in 
§4.5[ we deduce from the results of E 33.5I and i 34.2l l4.4l the special form of the fractal 
tube formula for p-adic self-similar strings, as obtained in [55]. Finally, in ij4.6l we 
apply this latter result in order to calculate the average Minkowski content of such 
strings, as is also done in [29] . 

4.1. Geometric Construction. Before explaining how to construct arbi- 
trary p-adic self-similar strings, we need to introduce a definition and a few facts 
pertaining to p-adic similarity transformations. 

Definition 4.1. A map $ : Z p — > Z p is called a similarity contraction mapping 
of Z p if there is a real number re (0,1) such that 

\&(x) - $(y)\ p = r • \x - y\ p , 

for all x, y € Z p . 

Unlike in Euclidean space (and in the real line K, in particular), it is not true 
that every similarity transformation of Q p (or of Z p ) is necessarily affine. Actually, 
in the nonarchimedean world (for example, in Q^, with d > 1), and in the p-adic 
line Q p , in particular, there are a lot of similarities which are not affine. However, 
it is known (see, e.g., [49]) that every analytic similarity must be affine Hence, 
from now, we are working with a similarity contraction mapping $ : Z p — > Z p that 
is affine. Thus we assume that there exist constants a, b € 1 p with \a\ p < 1 such 
that $(ie) = ax + b for all x £ 1 p . Regarding the scaling factor a of the contraction, 
it is well known that it can be written as a — u ■ p n , for some unit u € Z p (i.e., 
\u\ p = 1) and n E N* (sec [44]). Then r = \a\ p = p~ n . We summarize this fact in 
the following lemma: 

Lemma 4.2. Let $(x) = ax + b be an affine similarity contraction mapping of 
1t p with the scaling ratio r. Then b £ 1 p and a € pZ p , and the scaling factor is 
r = \a\ p = p~ n for some nef. 

For simplicity, let us take the unit interval (or ball) Z p in Q p and construct 
a p-adic (or nonarchimedean) self-similar string C p as follows (see [281)1^] Let 
N > 2 be an integer and $i, . . . , $at : Z p — > Z p be N affine similarity contraction 
mappings with the respective scaling ratios n, . . . ,rjv G (0, 1) satisfying 

(4.1) 1 > n > r 2 > ■ ■ ■ > r N > 0; 
see Figure 9. Assume that 

v 

(4.2) E^ <:L > 

j'=i 

"^This construction is the nonarchimedean analog of the geometric construction of real (or 
archimedean) self-similar strings carried out in 1391 §2.1]. 

"^Here, a map / : Q p — > Q p is said to be analytic if it admits a convergent power series 
expansion about 0, and with coefficients in Qp, that is convergent in all of Q p . 

40 In the sequel, C p is interchangeably called a p-adic or nonarchimedean self-similar string. 
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$i(Zp) ••• $jv(Z p ) Gi ••■ G K 




$n(Z p ) ••• ® 1N {'& p )§ x {G x )--$ l {G K ) $ A r 1 (Z p >--$ A r A rZ p $ JV (G 1 )--$ J v(GK) 

FIGURE 9. Construction of a p-adic self-similar string. 

and the images $j(Z p ) of Z p do not overlap, i.e., $j(Z p ) n < f>;(Z p ) = for all j ^ I. 
Note that it follows from Equation (g^J) that [jjLi $j(Z p ) is not all of Z p . We 
therefore have the following (nontrivial) decomposition of Z p into disjoint p-adic 
intervals: 

N K 

(4.3) Zp=U*i(Zp)u|jG*, 

i=i fc=i 

where Gk is defined below. 

In a procedure reminiscent of the construction of the ternary Cantor set in §2.11 
or of the 3-adic Cantor set in £12.31 we then subdivide the interval Z p by means of 
the subintervals $j(Z p ). Then the convex [3 components of 

N 

Z P \|J$,(Z P ) 

.7=1 

are the first substrings of the p-adic self-similal string £ p , say G±, G2, ■ ■ ■ , Gk, with 
K > 1. These intervals Gfe are called the generators, the deleted intervals in the 
first generation of the construction of £ p Cj The length of each Gk is denoted by 
gk', so that gk = /Uff(Gfc)0 Without loss of generality, we may assume that the 
lengths 51, 52, ••• , gK of the first substrings (i.e., intervals) of C p satisfy 

(4.4) 1 > 9l > g 2 > ■ ■ ■ > g K > 0. 

It follows from Equation (|4.3|) and the additivity of Haar measure fin that 

N K 

(4.5) 5>+I> = L 

3=1 fc=i 

We then repeat this process with each of the remaining subintervals $j(Z p ) of Z p , 
for j = 1,2, ...,N. And so on, ad infinitum. As a result, we obtain a p-adic 

^ 2 We choose the convex components instead of the connected components because Z p is 
totally disconnected. Naturally, no such distinction is necessary in the archimedean case; cf. [391 
§2.1.1]. Here and elsewhere in this paper, a subset E of Q p is said to be 'convex' if for every 
x,y £ E, the p-adic segment {tx + (1 — t)y : t S Z p } lies entirely in E. 

4 ^Their archimedean counterparts are called 'gaps' in 1391 Ch. 2 and §8.4], where archimedean 
self-similar strings are introduced. 

^We note that the lengths (k = 1,2,..., K) will sometimes be called the (nonar- 
chimedean) 'gaps' or 'gap sizes' in the sequel. 
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self-similar string C p = li, fo, h, ■ ■ ■ , consisting of intervals of length l n given by 
(4-6) r Vl r V2 - ■ -r Vq g k , 

for k = 1, . . . , K and all choices of q € N and v\, . . . , v q E {1, . . . , N}. Thus, the 
lengths are of the form r^ 1 . . . r e ^ with ei, . . . , € N (but not all zero). 

In |28| , the classic notion of self-similarity is extended to the nonarchimedean 
setting, much as in |20| . where the underlying complete metric space is allowed to be 
arbitrary. We note that the next result follows by applying the classic Contraction 
Mapping Principle to the complete metric space of all nonempty compact subsets 
ofZ p @ 

Theorem 4.3 (p-Adic self-similar set). There is a unique nonempty compact subset 
S p ofZ p such that 

N 
3=1 

The set S p is called the p-adic self-similar set associated with the self-similar system 
$ = {$!,..., $at}. (It is also called the <fr -invariant set.) 

The relationship between the p-adic self-similar string C p and the above p-adic 
self-similar set S p is given by the following theorem, also obtained in [28] 

Theorem 4.4. (i) C p = Z P \<S P , the complement of S p in 1 P . 

(ti) C P = Ua=oU ueW c«- 1 Uf=i$™(G ! fc), while S p = f)™ =0 U w ew a $ »( z p)> 
where W a = {1, 2, . . . , N} a denotes the set of all finite words on N symbols, of 
length a, and $ w :— $ IUq o • • • o $ lUl for w = (u>i, . . . , w a ) € Wn.F1 




Figure 10. Construction of the nonarchimedean Cantor string 
CS3 via an IFS. 



^Recall that Z p is complete since it is a compact metric space (see i|2.3l ) . 

^^In Theorem l4,4l C p is not viewed as a sequence of lengths but is viewed instead as the open 
set which is canonically given by a disjoint union of intervals (its p-adic convex components), as 
described in the above construction of a p-adic self-similar string. 

47 By convention, & w (Gk) = if lu 6 W-i. 
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Example 4.5 (Nonarchimedean Cantor string as a 3-adic self-similar string). In 
this example, we review the construction (given in §2.4|) of the nonarchimedean 
Cantor string C1S3, as introduced in |27| and revisited in |28| . Our main point here 
is to stress the fact that CS3 is a special case of a p-adic self-similar string, as 
constructed just above, and to prepare the reader for more general results about 
nonarchimedean self-similar strings, as given in the rest of §31 

Let $1, $2 : Z3 — ► Z3 be the two affine similarity contraction mappings of Z3 
given by 

(4.7) ® 1 (x)=3x and $ 2 (x) = 2 + 3x, 

with the same scaling ratio r = 1/3 (i.e., j*i = r 2 = 1/3). By analogy with the 
construction of the real Cantor string (see 32. 2p , subdivide the interval Z 3 into 
subintervals 

$i(Z 3 ) = + 3Z 3 and $ 2 (Z 3 ) = 2 + 3Z 3 . 
The remaining (3-adic) convex component 

2 

Z 3 \(J$ J (Z 3 ) = 1 + 3Z3 = G 

i=i 

is the first substring of a 3-adic self-similar string, called the nonarchimedean Cantor 
string and denoted by CS3 [27] - (Of course, this is the same p-adic fractal string 
CS3 as the one constructed in §2.41 ) The length of G is l\ = /j,h (1 + 3Z P ) = 3 _1 . 
By repeating this process with the remaining subintervals $j(Z3), for j = 1,2, and 
continuing on, ad infinitum, we eventually obtain a sequence CS3 = ii, I2, h, ■ ■ ■ , 
associated with the open set resulting from this construction and consisting of 
intervals of lengths l v — with multiplicities m v = 2 V ~ 1 , for v € N*. As we have 
seen in £12.41 and as follows from this construction (see Figure 10 and Equation 
(|4.7j) . along with part (ii) of Theorem I4.4j) . the nonarchimedean Cantor string CS3 
can also be written as 

(4.8) CS 3 = (1 + 3Z 3 ) U (3 + 9Z 3 ) U (5 + 9Z 3 ) U • • • . 
By definition, the geometric zeta function of CS3 is given by 

Ccs 3 (s) = (^(1 + 3Z 3 )) s + (mh(3 + 9Z)) s + (^(5 + 9Z 3 )) s + --- 



^ 3" s 1-2-3" 

V—l 



for U(s) > log 3 2. 



Hence, by analytic continuation, the meromorphic extension of Ccs 3 to the entire 
complex plane C exists and is given by 

(4-9) Ces 3 (s)= 1 _\° 3 _ s , for S eC, 

with poles at 

log 2 2tt 
u) = - — - + in- — -, n G Z. 
log 3 log 3 

Therefore, we recover the fact that the set of complex dimensions of CS3 is given 

by 

(4.10) Vcs 3 ={D + inp\ne Z}, 

where D = log 3 2 is the dimension of CS3 and p = 2ir/ log 3 is its oscillatory period. 
(This terminology will be explained in ^4.31 and 34.41 ) Naturally, Equations (|4.9[) 
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and (|4.10p are in agreement with the statement of Theorem 12.81 Finally, note that 
Ccs 3 is a rational function of z :— 3~ s , i.e., 

Cc5 3 (s) 



1-2-2 

We refer the interested reader to [57] as well as to H2.3H2.5I above for additional 
information concerning the nonarchimedean Cantor string CS3 and the associated 
nonarchimedean Cantor set C 3 . We just mention here that in light of part (i) of 
Theorem 14.41 we can recover the 3-adic Cantor set C 3 as the complement of the 
3-adic Cantor string CS3 in the unit interval (and vice- versa): 

(4.11) CS 3 = Z 3 \C 3 , and so C 3 = Z 3 \CS 3 . 

Indeed, according to Theorem 14.31 (and in agreement with Theorem 12. 31 of £|2.3[) . C 3 
is the self-similar set associated with the IFS 4> = {$1, $2}- 

Example 4.6 (The explicit tube formula for the nonarchimedean Cantor string). 
In this example, we explain how to derive the exact fractal tube formula for CS3 
as stated in Equation (|2.11[) . in two different ways: 

(i) First, via a direct computation (much as we derived the tube formula for 
the p-adic Euler string in Example I3.19p . 

(ii) Second, as a special case of the general p-adic tube formula obtained in 



Let e > 0. Then, by Theorem 13. 161 we have 

1 00 on— 1 1 /n 

(4.12) W .,_»£^__»(§ 

n=k+l v 

where k := [log 3 e -1 ]. Let x := log 3 = k + {x}, where {a;} is the fractional part 
of x. Then a simple computation shows that (|) = e 1 ^ and e 2winx — e _inp , 
with D — log 3 2 and p = 2ir/ log 3 as in Example 14.51 Using the Fourier expansion 
for b~{ x > , as given by Equation (|3.25l) . for b = 3 _1 and the above value of x, we 
obtain an expansion in terms of the complex dimensions uj = D + irip of C<S 3 : 

VcS > {£) = 21o^ El 



2 log 3 ^— ^ 1 — D — inp 

s I-oj 



(4.i3) = - — y - 

v ' 21og3 ^ 1 

since T>cs 3 is given by (|4.10l) . Next, using Equation (|4.9p . we see that 

1 



21og3' 

independently of u) € T^cs 3 j and so the exact fractal tube formula for the nonar- 
chimedean Cantor string is found to be 

(4-14) v cs ^ £ )= l y rea fe S3]U )LJL. 

o — 1 — UJ 

Note that since CS3 has simple complex dimensions, we may also apply Corollary 
13.301 (in the strongly languid case when W = C) in order to precisely recover 
Equation (|4.14j) . (Alternatively, we could use Theorem 14.211 in H4. 51 below.) 
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We may rewrite (|4.13|) or (|4.14p in the following form (which agrees with the 
tube formula to be obtained in Theorem 14. 2 

Vcs 3 (e)=^ D Gcs 3 (\og 3 e- 1 ), 

where (as in Equation (|2.19j) of §2.5|) Gcs 3 is the nonconstant periodic function (of 
period 1) on R given by 

Gcs ^ ~ 6loi3 S l-D-mp- 
Finally, we note that since the Fourier series 



St 



— D — inp 



is pointwise convergent on R, the above direct computation of Vcs 3 (e) shows that 
(|4.13p and (|4.14l) actually hold pointwise rather than distributionally. 

4.2. Geometric Zeta Function of p-Adic Self-Similar Strings. In this 
section, as well as in M4.3I and M4.41 we will survey results obtained in [55] about the 
geometric zeta functions and the complex dimensions of p-adic self-similar strings. 

In the next theorem, we provide a first expression for the geometric zeta func- 
tion of a nonarchimedean self-similar string. At first sight, this expression is almost 
identical to the one obtained in the archimedean case in [5^1 Thm. 2.4]. Later 
on, however, we will see that unlike in the archimedean case where the situation 
is considerably more subtle and complicated (cf. Thms. 2.17 and 3.6]), this 
expression can be significantly simplified since the two potentially transcendental 
functions appearing in the denominator and numerator of Equation (|4.15p below 
can always be made rational; see Theorem 14. 141 in JOj 

Theorem 4.7. Let C p be a p-adic self-similar string with scaling ratios {r^MLi 
and gaps {gk}k—i> as * n the above construction. Then the geometric zeta function 
of C p has a meromorphic extension to the whole complex plane C and is given by 

(4-15) Cc,(«) = : E *b g * - , for seC. 



1 - £.7 = 1 



Corollary 4.8. The set of complex dimensions of a p-adic self-similar string C p is 
contained in the set of complex solutions u of the Moran equation X^jLi r> j = 1- V 
the string has a single generator (i.e., if K = 1), then this inclusion is an eaualitvW\ 

Definition 4.9. A p-adic self-similar string C p is said to be lattice (or nonlattice) 
if the multiplicative group generated by the scaling ratios r\, r2, ■ ■ • , rzv is discrete 
(or dense) in (0, oo)o 

Theorem 4.10. Every p-adic self-similar string is lattice. 



50 See Examples [4751 [47261 and Theorem |4~TH 

^More precisely, much as in the archimedean case in 1391 Ch. 3], we say that C p is lattice 
if the multiplicative group generated by the distinct scaling ratios of C p is a subgroup of (0, oo) 
of rank one (i.e., if it is a free abelian group). As it turns out, in the present case of p-adic 
self-similar strings, it does not matter whether we use this slightly refined definition or the one 
given in Definition 14.91 see Remark l4,lll 
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Remark 4.11. Theorem 14.101 follows from the fact that all the scaling ratios rj 
must belong to the multiplicative group p z . In fact, much more is true since the 
gaps <7fc must also belong to p z , as will be discussed below in more detail in H4.3I 
It follows that p-adic self-similar strings are lattice strings in a very strong sense, 
namely, their geometric zeta functions are rational functions of a suitable variable 
z (see Theorem 14. 141 below) . 

Remark 4.12. Theorem 14.101 is in sharp contrast with the usual theory of real 
(or archimedean) self-similar strings developed in [39l Chs. 2 and 3]. Indeed, 
there are both lattice and nonlattice strings in the archimedean case. Furthermore, 
generically, archimedean self-similar strings are nonlattice. Moreover, it is shown in 
[391 Ch. 3] by using Diophantine approximation that every nonlattice string in R = 
Qoo can be approximated by a sequence of lattice strings with oscillatory periods 
increasing to infinity. It follows that the complex dimensions of an archimedean 
nonlattice string are quasiperiodically distributed (in a very precise sense, that 
is explained in loc. cit.) because the complex dimensions of archimedean lattice 
strings are periodically distributed along finitely many vertical lines. Clearly, there 
is nothing of this kind in the nonarchimedean case since p-adic self-similar strings 
are necessarily lattice. 

Remark 4.13. The p-adic Euler string £ p , discussed in i i3.ll is not self-similar 
because £ p has dimension D = 0, whereas the requirement that TV > 2 in the 
definition of a p-adic self-similar string implies that D > for any p-adic self- 
similar string. 

4.3. p-Adic Self-Similar Strings Are Strongly Lattice. A small modifi- 
cation of the above argument enables us to show that every p-adic self-similar string 
is lattice in a much stronger sense, as we now explain. It will follow (see Theorem 
I4.16[) that not only the poles (i.e., the complex dimensions of C p ) but also the zeros 
of Qc-p are periodically distributed. Accordingly, we will say that p-adic self-similar 
strings are strongly lattice. 

We introduce some necessary notation. First, by Lemma 0T2J we write 

Tj = p~" 3 , with rij £ N* for j = 1, 2, . . . , N. 
Second, we write 

9k =Hn{G k ) =p- m \ with m k £N* for k = l,2,..,,K. 

Third, let 

d = gcd{ni, . . . , n N , mi, . . . , m K }. 
Then there exist positive integers n'^ and m' k such that 

(4.16) nj = dn'j and nik = dm' k for j = 1, . . . , N and k = 1, . . . , K. 
Finally, we set 

(4.17) p d = l/r. 



^ 2 Note that by construction, rj = r n o and = r m k for j = 1, . . . , N and k = 
1,...,K. Hence, r is the multiplicative generator in (0,1) of the rank one group generated by 
{ri,...,r N ,g u ... ,g K } (or, equivalently, by either {r 1 ,.. .,r N } or {gi,.. -,9k})- 



34 



MICHEL L. LAPIDUS AND LU' HUNG 



Without loss of generality, we may assume that the scaling ratios rj and the gaps 
gk are written in nonincreasing order as in Equations (|4.1|) and (|4.4j) . respectively; 
so that 

(4.18) < n[ < n' 2 < ■ ■ ■ < n' N and < m' 1 < m' 2 < ■ ■ ■ < m' K . 

Theorem 4.14. Let C p be a p-adic self-similar string and z = r s , with r = p~ d 
as in Equation 17\ ). Then the geometric zeta function C,c v of C p is a rational 
function in z. Specifically, 

7 m' k 

( 4 -19) Cc P (s) = -±^L 



where m! k ,n'- £ N* are given by Equation \^.16^ . 

Definition 4.15. Let p = d ^ gp - Then p is called the oscillatory period of C p . 

4.4. Periodicity of the Poles and the Zeros of £c . The following result 
(also from [55]) is the nonarchimedean counterpart of [5^1 Thms. 2.17 and 3.6], 
which provide the rather subtle structure of the complex dimensions of archimedean 
self-similar strings. It is significantly simpler, however, due in part to the fact that 
nonlattice p-adic self-similar strings do not exist. 

To avoid any confusion, we stress that in the statement of the next theorem, 
Cc p is viewed as a function of the original complex variable s. Moreover, it follows 
from Theorem 13.211 in ^3 .31 above and from Theorem 14 . 1 61 below that D, the dimen- 
sion of C p , defined as the abscissa of convergence of the Dirichlet series originally 
defining £c (and sometimes also denoted by a = ac p here) coincides with 5 and 
the Minkowski dimension Dm = Dm.c p of C p : 

D = D M =o- = 5, 

where 5 is the similarity dimension of C p , i.e., the unique real solution of the Moran 
equation = 1. Hence, in the present case of p-adic self-similar strings, there 

is no need to distinguish between these various notions of 'fractal dimensions'. (See 
Remark 14. 181 below for more information.) 

Theorem 4.16 (Structure of the complex dimensions). Let C p be a nontrivial p- 
adic self-similar string. Then 

(i) The complex dimensions of C p and the zeros of Qc p are periodically dis- 
tributed along finitely many vertical lines, with period p, the oscillatory period of 
C p (as given in Definition ^. 15^ . 

(ii) Furthermore, along a given vertical line, each pole (respectively, each zero) 
of Cc P has the same multiplicity. 

(Hi) Finally, the dimension D of C p is the only complex dimension that is lo- 
cated on the real axis Moreover, D is simple[_j and is located on the right most 
vertical line. That is, D is equal to the maximum of the real parts of the complex 
dimensions. 

Remark 4.17. As will be apparent to the expert reader, the situation described 
above — specifically, the rationality of the zeta function in the variable z = r s , with 
r = p~ d , and the ensuing periodicity of the poles and the zeros — is analogous to the 
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i.e., D is a simple pole of £r 



By contrast, it is immediate to check that there are no real zeros (still in the s variable). 
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one encountered for a curve (or more generally, a variety) over a finite field ¥ p d ; see, 
e.g., Chapter 3 of [44]. In this analogy, the prime number p naturally corresponds 
to the characteristic of the finite field, and p d = r -1 is the analog of the cardinality 
of the field. 



Remark 4.18. By Theorem 13. 2 1[ D is also the inner Minkowski dimension Dm of 
the self-similar set associated with the present self-similar system D = Dm = c, 
the abscissa of convergence of the geometric zeta function. Moreover, in light of 
(|4.15[) and part (iii) of Theorem 14.161 above, it always coincides with the similarity 
dimension 6 of <&. Namely, D is the unique real solution of the Moran equation 



£-Vj = i(as m my 



N 



(4.20) £rf = l. 

3=1 

As a result, D = a = Dm = S < 1, since by assumption (see Equation (|4.2j) above), 
Tj < 1- This last observation will enable us, in particular, to apply the fractal 
tube formula (Theorem 13 . 281 and Corollary 13. 30[) to any p-adic self-similar string. 

We next supplement the above results by establishing a theorem obtained in 
|29| and which will be very useful to us in §4.5l in order to simplify the tube formula 
associated with a p-adic self-similar string. 

According to part (i) of Theorem 14.161 there exist finitely many poles 

uii,...,u q , 

with uj\~D and #t(u) q ) < • • • < ^i(y:2) < D, such that 

^>c p = {u u + inp | n £ Z, u = l,...,q}. 

Furthermore, each complex dimension D + inp is simple (by parts (ii) and (iii) of 
Theorem 14. 16p and the residue of Cc (s) at s = D + inp is independent of n e Z 
and equal to 

(4.21) res{Cc v ;D + inp) = \ k =\ - n , D . 

logr x Y,j=x n j r 3 

The latter fact (concerning residues) is an immediate consequence of the following 
result from [25] : 

Theorem 4.19. (i) For each v = 1, . . . , q, the principal part of the Laurent series 
of Cc p ( s ) at s — uj v + inp does not depend on n £ Z. 

(ii) Moreover, let u G {l,...,g} be such that lj u (and hence also u) u + inp, for 
every n £ Z, by part (ii) of Theorem \4- 16] ) is simple. Then the residue of Cc P ( s ) 
at s = lu u + inp is independent of n £ 7L and 

spK m' k u u 



(4.22) res(Cc,;wt, + inp) = - „ 

logr- 1 Y,j=i n j r 3 

In particular, this is the case for lo\ = D. 

Note that by contrast, in the lattice case of the archimedean theory of self- 
similar strings developed in [5^1 Chs. 2 and 3], we had to assume that the gap 
sizes (and not just the scaling ratios) are integral powers of r in order to obtain the 
counterpart of Theorem 14.191 
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Remark 4.20 (Comparison with the archimedean case). Part (i) of Theorem l4.16[ 
along with Theorem 14. 141 shows that in some very explicit sense, the theory of p- 
adic self-similar strings is both simpler and more natural than its archimedean 
counterpart. Indeed, not only is it the case that every p-adic self-similar string 
C p is lattice, but both the zeros and poles of Qc p (s) are periodically distributed 
along vertical lines, with the same period. By contrast, even if an archimedean self- 
similar string C is assumed to be 'lattice', then the zeros of Cc( s ) are usually not 
periodically distributed because the multiplicative group generated by the distinct 
gap sizes need not be of rank one; see [3JB Chs. 2 and 3]. 

4.5. Exact Tube Formulas for p-Adic Self-Similar Strings. In view of 
Equation (|4.15l) . it follows from the argument given at the beginning of [391 §6.4] 
that every p-adic self-similar string C p is strongly languid, with k = and A — 
t n9~k ') m the notation of the latter part of Definition 13.261 Indeed, Equation (|4.15[) 
implies that |Cc p ( s )| "C (r^ gic)~ , as SR(s) — ¥ — oo. Hence, we can apply the 
distributional tube formula without error term (i.e., the last part of Theorem 13.281 
and of Corollary 13.301) with W = C. Since by Theorem 14. 101 C p is a lattice string, 
we obtain (in light of Theorems 14. 141 14.161 and f4. 19|) the following simpler analogue 
of Theorem 8.25 in [39], established in [29]FI 

Theorem 4.21. Let C p be ap-adic self-similar string with multiplicative generator 
r. Assume that all the complex dimensions of C p are simple. Then, for all e with 
< £ < gx^Jf 1 , the volume Vc p (s) is given by the following exact distributional 
tube formula: 

(4-23) V Cp (e) = Y,e 1 - u "G ri Qog 1/r e- 1 ), 

u=l 

where 1/r — p d (as in Equation H4-17\) ), and for each u — 1, . . . , q, G u is a real- 
valued periodic function of period 1 onM. corresponding to the line of complex dimen- 
sions through tu u (u)x = D > 5R(oj2) > • • ■ > 5ft(w g )), and is given by the following 
(conditionally and also distributionally convergent) Fourier series: 

(4.24) G u (x) = - SiCC »' UJu) ^ ^ 



p ^-tl-u u - inp ' 



/it 



where (as in Equation of Theorem \4- 19\ ), 
res(t Cp ;u> u ) = 



logr" 1 ^-! 
Moreover, G u is nonconstant and bounded. 

Remark 4.22. In comparing our results with the corresponding results in Chapter 
2 and §8.4 of [55], obtained for real self-similar fractal strings, the reader should keep 
in mind the following two facts: (i) the simplification brought upon by the "strong 
lattice property" of p-adic self-similar strings; see Theorem 14. 191 and Remark 14.201 
above, (ii) By construction, any p-adic self-similar string C p (as defined in this sec- 
tion) has total length L equal to one: L = hh{C p ) = Cc P (l) = ^h{^ p ) = 1. Indeed, 



^We note that instead, we could more generally apply parts (i) and (ii) of Theorem 14. 161 in 
order to obtain a distributional tube formula with or without error term, valid without assuming 
that all of the complex dimensions of C p are simple. This observation is used in Remark 14.231 
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for notational simplicity, we have assumed that the similarity transformations $j 
(j = 1, . . . , N) are self-maps of the 'unit interval' Z p , rather than of an arbitrary 
'interval' of length L in Q p . 

Remark 4.23 (Truncated tube formula with error term). The analog of Corollary 
8.27 in |39| holds in the present context, with 2e replaced by e and with L := 1; 
see the previous remark. In particular, in light of the method of proof of loc. tit., 
we have the following 'truncated tube formula': 

(4.25) V{e) = e 1 - D G(\og 1/r a' 1 ) + E(e), 

where G = G\ is the nonconstant, bounded periodic function of period 1 given by 
Equation (|4.24|) of Theorem 14.211 (with u = 1 and Wi = D). Here, E(e) is an error 
term that can be estimated much as in loc. cit. In particular, E{e) = o(l) and, 
moreover, there exists 8 > such that £ - ( 1-D ' E(e) — 0(e s ), as e — » + . 

Furthermore, since we limit ourselves here to the first line of complex dimen- 
sions, and since those complex dimensions are always simple (by part (iii) of The- 
orem S3SJ), we do not have to assume (as in Theorem I4.2ip that all the complex 
dimensions of C p are simple in order for Equation (|4.25|) and the corresponding 
error estimate for E(e) to be valid. (This latter fact can be used to give a direct 
proof of the equality D = Dm = a for any nontrivial p-adic self-similar string.) 

More specifically, we note that Equation (I4.25P and the corresponding error 
estimate for E(e) follow from part (i) of Theorem 13.281 (the explicit tube formula 
with error term, applied to a suitable window), along with the fact that the complex 
dimensions on the rightmost vertical line 5i(s) = D are simple (according to parts 
(ii) and (iii) of Theorem OH from [2"g]). 

Remark 4.24. Note that in light of Remark 14.181 we have D = a < 1 for any 
nontrivial p-adic self-similar string C p . Hence, we can also apply the distributional 
tube formula in the general case (when the complex dimensions of C p are not 
necessarily simple) or, in the present special case of simple complex dimensions 
(Corollary |3.30[) to obtain a distributional tube formula in this situation, as claimed 
in Theorem [4~2T1 

The next result follows immediately from the truncated tube formula provided 
in Remark I4.23[ along with the corresponding error estimate. 

Theorem 4.25. A p-adic self-similar string is never Minkowski measurable because 
it always has multiplicatively periodic oscillations of order D in its geometry. 

Example 4.26 (Nonarchimedean Fibonacci string and its fractal tube formula). 
Let $1 and $2 be the two affine similarity contraction mappings of Z2 given by 

5>i(x) = 2x and $2(2^) = 1 + 4.x, 

with the respective scaling ratios ri = 1/2 and r-2 = 1/4. The associated 2-adic self- 
similar string (introduced in 1281 ) with generator G = 3 + 4Z2 is called the nonar- 
chimedean Fibonacci string and denoted by .F1S2 (compare with the archimedean 
counterpart discussed in [Ml §2.3.2]). It is given by the sequence FS2 = h, h, h, ■ ■ ■ 
and consists (for m = 1, 2, . . .) of intervals of lengths l m — 2~( m+1 ) with multiplic- 
ities / m , the Fibonacci numbersJ3 Alternatively, the nonarchimedean Fibonacci 

^^These numbers are defined by the recursive formula: f m +i = fm + /m-li/o = an d 
/i = l- 



38 



MICHEL L. LAPIDUS AND LLP HUNG 



string is the bounded open subset of Z 2 given by the following disjoint union of 
2-adic intervals (necessarily its 2-adic convex components): 

FS 2 = (3 + 4Z 2 ) U (6 + 8Z 2 ) U (12 + 16Z 2 ) U (13 + 16Z 2 ) U ■ ■ • . 

By Theorem l4.71 the geometric zeta function of FSo\s given (almost exactly as for 
the archimedean Fibonacci string, cf. loc. cit.) bvr°l 

4-* 



(4.26) 



Os 2 (s) 



1 - 2- s - 4" s 

Hence, the set of complex dimensions of J-S2 is given by 

(4.27) Vjr S2 = {D + inp | n G Z} U {-D + i{n + l/2)p | n e 1} 

with D — log 2 <j>, where <fi = (1 + -\/5)/2 is the golden ratio, and p = 27r/log2, the 
oscillatory period of .FS2; see Figure 11. We refer the interested reader to [28] for 
additional information concerning the nonarchimcdcan Fibonacci string. 



O ip 



D 

o 



o 



D 1 



Figure 11. The complex dimensions of the nonarchimedean Fi- 
bonacci string TS2- Here, D — log 2 <\> and p = 2-n j log 2. 

Note that C.FS2 does not have any zero (in the variable s) since the equation 
A~ s = does not have any solution. Moreover, in agreement with Theorem 14. 141 
i s a rational function of z — 2~ s , i.e., 

(4-28) (rs 2 (s)= , " 2 2 - 

1 — z — z z 



" u The minor difference between the two geometric zeta functions is due to the fact that the 
real Fibonacci string TS in 1391 §2.3.2 and Exple. 8.32] has total length 4 whereas the present 
2-adic Fibonacci string has total length 1. 
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Since, in light of (|4.28|) . the complex dimensions of FS2 are simple, we may apply 
either Corollary 13. 301 or Theorem l4.21l in order to obtain the following exact fractal 
tube formula for the nonarchimedean Fibonacci string: 

Vjrsje) = - V res(C^5 2 ;w)- 

z — 1 — UJ 

= e 1 - D G 1 (log 2 e- 1 ) + e 1+D -^ 2 G 2 (log 2 e' 1 ), 

where G± and G 2 are bounded periodic functions of period 1 on R given by their 
respective (conditionally convergent) Fourier series 

A i O . . p 2irinx 



10 log 2 



and 

(4.30) G 2 (x) 3 



101og2^ l + Z>-«(n + l/2)p' 

Note that the above Fourier series for G\ and G 2 are conditionally (and also distri- 
butionally) convergent, for all iel Furthermore, the explicit fractal tube formula 
Vjf5 2 (e) for TS 2 actually holds pointwise and not just distributionally, as the in- 
terested reader may verify via a direct computation (much as in Example 14.61 for 
the 3-adic Cantor string CS3). 

4.6. The Average Minkowski Content. According to Theorem 14.251 a p- 
adic self-similar string does not have a well-defined Minkowski content, because it 
is not Minkowski measurable. Nevertheless, as we shall see in Theorem [428] below, 
it does have a suitable 'average content' A4 av , in the following sense: 



Definition 4.27. Let C p be a p-adic fractal string of dimension D. The average 
Minkowski content, Ai a v, is defined by the logarithmic Cesaro average 

1 f 1 _n_ m,, / n de 
H/T £ 
provided this limit exists and is a finite positive real number. 



M av =M av (C p ):= lim -i- f e-^ D W Cp (e)- 

T^oologT J 1/T 



Theorem 4.28. Let C p be a p-adic self-similar string of dimension D. Then the 
average Minkowski content of L p exists and is given by the finite positive number 

1 1 r m' k D 

(4.31) M av = — -res(( Cp ;D) = 



P(l-D) ; p(l-^)logr-iEf=i^ D ' 

Remark 4.29. Definition 14.271 and Theorem 14.281 are the exact nonarchimedean 
counterpart of [39], Definition 8.29 and Theorem 8.30. Furthermore, Theorem l4.28l 
(which is obtained in [29]) follows from the 'truncated explicit tube formula' given 
by Equation (|4.25[) in Remark |4.23[ along with the corresponding error estimate. 



^We leave it as an excercise for the interested reader to verify the computations below or to 
obtain a direct derivation of Vj?s 2 rnuch as we have done for Vg (e) and Vcs 3 (s) m Examples 
I3.19l and l4.6l respectively. 
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Example 4.30 (Nonarchimedean Cantor string). The average Minkowski content 
of the nonarchimedean Cantor string CS3 is given by 

M av {CS 3 ) ' 



6(log3-log2) 



Indeed, we have seen in Examples 14.51 and 14.61 that D — log 3 2, res((cs 3 ] D) = 
1/2 log 3 and p = 3. 

Example 4.31 (Nonarchimedean Fibonacci string). The average Minkowski con- 
tent of the nonarchimedean Fibonacci string FS2 is given by 

Mav{J r S 2 ) = —, ' 



. + 2)(log2-log0)' 

where <fi = 1+ 2^ is the golden ratio (and so <\T X — - y -?p -)■ Indeed, with p = 2 and 
D = log 2 (f>, one can verify that 



res((jr S2 ; D) 



1 



+ 2)log2 

Hence, the above expression for M av — M-av{J : S2) follows from Theorem l4.28l 
Furthermore, note that log 2 — log0 = log(v / 5 — 1). Hence, M. av can be rewritten 
as follows: 

Mav = ' 



(5 + VE) log(Vb- 1)' 

Remark 4.32. Even though the p-adic Euler string £ p is not self-similar, we can 
still use the same methods as those used to prove Theorem 14.281 along with the 
fractal tube formula (|3.24[) . in order to calculate its average Minkowski content; we 
leave the easy verification to the reader. Clearly, £ p is not Minkowski measurable 
since, in light of Equation (|3.7[) . it has nonreal complex dimension on the real line 
5R(s) = D = 0. This is also apparent from the fractal tube formula (|3.24[) . 

5. Concluding Comments 

We close this paper with some comments regarding several possible directions 
for future research in this area. We hope to address these issues in later work. 

5.1. Adelic Fractal Strings and Their Spectra. It would be interesting 
to unify the archimedean and nonarchimedean settings by appropriately defining 
adelic fractal strings, and then studying the associated spectral zeta functions (as 
is done for standard archimedean fractal strings in [221425] and [3(3 [35l [36l [38J [39] ) . 
To this aim, the spectrum of these adelic fractal strings should be suitably defined 
and its study may benefit from Dragovich's work [5] on adelic quantum harmonic 
oscillators. In the process of defining these adelic fractal strings, we expect to 
make contact with the notion of a fractal membrane (or "quantized fractal string" ) 
introduced in [23 Ch. 3] and rigorously constructed in [31] as a Connes-type 
noncommutative geometric space; see also [25] §4.2]. The aforementioned spectral 
zeta function of an adelic fractal string would then be viewed as the (completed) 
spectral partition function of the associated fractal membrane, in the sense of [2"5] . 
(See also Remark E3U] and gOl) 
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5.2. Nonarchimedean Fractal Strings in Berkovich Space. As we have 
seen in §3.2, there can only exist lattice p-adic self-similar strings, because of the 
discreteness of the valuation group of Q p . However, in the archimedean setting, 
there are both lattice and nonlattice self-similar strings. We expect that by suitably 
extending the notion of p-adic self-similar string to Berkovich's p-adic analytic space 
[U [7] , it can be shown that p-adic self-similar strings are generically nonlattice in 
this broader setting. Furthermore, we conjecture that every nonlattice string in the 
Berkovich projective line can be approximated by lattice strings with increasingly 
large oscillatory periods (much as occurs in the archimedean case [5^1 Ch. 3]). 
Finally, we expect that, by constrast with what happens for p-adic fractal strings, 
the volume Vc p (s) will be a continuous function of e in this context. (Compare 
with Remark ETT81 ) 

5.3. Higher-Dimensional Fractal Tube Formula. We expect that the 
higher-dimensional tube formulas obtained by Lapidus and Pearse in [321 133] (as 
well as, more generally, by those same authors and Winter in [34]) for archimedean 
self-similar systems and the associated tilings [45] in M. d have a natural nonar- 
chimedean counterpart in the d-dimensional p-adic space Qp 1 , for any integer d > 1. 
In the latter p-adic case, the corresponding 'tubular zeta function' Ct p (£] s) (when 
d = 1, see Remark I3.29P should have a more complicated expression than in the 
one-dimensional situation, and should involve both the inner radii and the 'cur- 
vature' of the generators (see [3"2TIM] for the archimedean case.) of the tiling (or 
p-adic fractal spray) T p . Moreover, by analogy with what is expected to happen in 
the Euclidean case [32H34] , the coefficients of the resulting higher-dimensional tube 
formula should have an appropriate interpretation in terms of yet to be suitably 
'nonarchimedean fractal curvatures' associated with each complex and integral di- 
mension of T p - Finally by analogy with the archimedean case (for d > 1, see [35] 
and [34]), the p-adic higher-dimensional fractal tube formula should take the same 
form as in Equation (|3.32[) . except with (£ (e; s) given by a different expression from 
the one in 1333]) where d=l, and with Vc p (W) replaced by V Cp (W)U{0, 1, . . . , d}, 
as well as (for nonarchimedean self-similar tilings) with W — C and 1Z p (e) = in 
the counterpart of Equation (|3.33[) or (|3.34[) . In the future, we plan to investigate 
the above problems along with related question pertaining to fractal geometry and 
geometric measure theory in nonarchimedean spaces. 

5.4. Towards Nonarchimedean Bergman Spaces and Toeplitz Alge- 
bras. We close this discussion by pointing out a long-term problem that involves 
challenging and seemingly wide open questions in nonarchimedean harmonic and 
functional analysis. 

In [25] , fractal membranes were introduced as suitable quantized analogues of 
fractal strings. They were viewed heuristically as infinite, adelic noncommutative 
tori but were also proposed to be properly defined as noncommutative spaces (in 
the sense of Connes, [3]). 

A rigorous construction of archimedean fractal membranes is provided by Lapidus 
and Nest in [31] : see also [25] §4.2.1]. It involves, in particular, Toeplitz operators 
acting on Bergman spaces (in the standard setting of archimedean complex, har- 
monic and functional analysis). The resulting Toeplitz algebra is the C*-algebra T 
which is represented on a suitable Hilbert space % (an infinite tensor product of 
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Bergman spaces, one space for each 'circle' in the underlying adelic infinite dimen- 
sional torus representing the fractal membrane or, equivalently, one space for each 
interval of the original fractal string being 'quantized'). 

Then, the noncommutative space representing the given (archimedean) fractal 
membrane in a 'spectral triple' 

(5.1) ST={A,n,V}, 

where T> is a suitable Dirac-type operator acting on 'H. (Here, I? is a specific un- 
bounded self-adjoint operator with compact resolvents and bounded commutators 
with the elements of a suitable dense subalgebra of A.) We refer to [231 §4.2.1] for 
an outline of the construction of ST and to |31| for a precise description. 

From our present perspective, the challenge alluded to at the beginning of this 
subsection consists in obtaining an appropriate nonarchimedean counterpart of the 
above construction, and thereby of the notion of a fractal membrane|fj (Various 
aspects of this problem are closely connected with the problems discussed in ij5.ll 
and §5.21 above.) 

At a more modest (but already quite nontrivial level), we must begin by ob- 
taining appropriate nonarchimedean analogs of classical notions in archimedean 
harmonic and functional analysis, including especially Bergman spaces [S], as well 
as Toeplitz operators and the associated Toeplitz algebras [3]. As we suggested 
in §5.21 for different, but related reasons, it would likely be helpful in this context 
to work with nonarchimedean Berkovich-type spaces [U [7] rather than with the 
traditional p-adic spaces. It does not seem that much information is available on 
this subject in the literature on nonarchimedean functional analysis and operator 
theory, but it would be certainly be interesting to investigate aspects of this prob- 
lem in the future. We invite the interested reader to do so as well. 
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